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One-dimensional singular manifolds

Let = be a compact connected one-dimensional rectifiable set, such that there
exists a finite set

O ={v1,...,vp} CZ,

Such that
>/ =3\0O, is smooth.

If yo ¢ O«, 3 an open neighborhood of .#; of yg€%', >0, and
¢ : Sy — [—-a a] with ¢(0) = yg,

an arc-length parametrization of .9,

(assuming some given some metric on X). Let Ty, denotes an unit tangent
vector to £ at yg such that,

-1
W (0) = &
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The regular case : O, =@

In the case X is smooth, one may assume, by compactness and connectedness
that
s=sl=((xy)eR?x?+y? =1
and the parametrization is given by
u=exp(if),0 eR.

U=exp i 6

Sl
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Singularities for ¥

The allowed singularities for £ have a simple structure. Given a singularity v;,
we assume that there exists a neighborhood @ of v, and a finite number
q(j) =3 of smooth curves 6; 1,...,; a(j) such that

ol
INO = 8)%”- and

k=1 Ik
Gl NGl = @, i k# K )
q(j)=z3.

The case q(j) = 2 does not give rise to a singularity. Indeed, using appropriate
charts, the set ¥ may be given a smooth structure in a neighborhood of such a
point.
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Figure: One-dimensional manifolds with one, two or four singularities

Fabrice Bethuel Singular harmonic maps into singular one-dimensional manifold



The fundamental group of 2,

This set has the shape of the symbol co, or of the figure 8: It is the union of
two loops glued at one common point, the length of each of the two loops is
exactly one. The exact geometric realization of the set, is of little relevance.
Set

S0 =STUST,( often written as ST vST) (3)

where $* denote the circles
st=s(x(2n)" L, (2m)71), so that St NS~ = {0}

so that the length of S* is [S*|=1.
Here, for r>0 and a€C the set S(a,r) denotes the circle of radius r centered
at the point a, i. e.

sl(a,r)=izeC lz—al=r}. (4)

Yoo is @ metric space: The distance between two points on S* (resp. $7) is
given by the arc length, whereas for the distance between a point on S~ and a
point on S* one adds the distances of each of these points to the point 0,
computed using arc-length.
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Two representations of 2,
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The fundamental group 71(X)

Recall that the fondamental group 71(X) of a set X is given by
m1(2) = €9(st,2)/ homotopy
equipped with a suitable group structure +.

The case £ =S!. Here we have Z(Sl) ~Z. The generator a corresponds to the
homotopy class of the identity map from S! to S!. and stands for 1 in Z (this
number is called the degree). A map with degree d € Z is given by

fy(exp(if)) = exp(idf).

ex| \9
Exp2i 0 P

Sl

o
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The fundamental group 71(Zs)

The group 71 (Zoo ~S* vS™) has two generators a and B: a (resp. f)
corresponds to the homotopy class of 7, : S' — 2. (resp. f5) defined from by

1 1
fo(expif) = Z(expiefl) (resp. fp(expi6) = Z(expiE)Jrl) 0eR, (5)

so that fo (resp. fg ) maps S~ (resp. S$* ) with degree one.
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The generators a and  do not commute, any w e 11(Zx) is @ a "word" made
of the "letters" a's, a1's, B's, and ﬁ’l’s: A word w is an element of

D= ktJolek, where 2 = {a,a_l,ﬁ,ﬁ_l} is the alphabet.

If w=(w1,...0x) €D, the corresponding element in 71 (Zc) is given by
T(w)=wiws...0.

The smallest number of letters of 2 necessary to write w is the length of w, |w].
In view of invariance by rotation of the circle circular permutation yield the
same element. For instance, for the commutator y defined by

Y= aﬁa_lﬁ_l, we have y = ﬁa_lﬁ_la = a_lﬁ_laﬁ = ﬁ_laﬁa_l,

and
ylepaplal=aplap=pla1pa

A word is said to be closed if it contains as much a's as a1

's, as much f's as
pLls dyt losed
.y and y! are closed.
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The "Télécran" (Etch a Sketch")

A toy invented in 1960 by André Chassagnes.

TELELRAN

Figure: The "Télécran". The generators a and [} are the two white buttons at the
bottom

In 1998, inducted into the National Toy Hall of Fame, Rochester, New York.
In 2003, named one of the 100 most memorable toys of the 20th century by
the Toy Industry Association.
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Drawings maps to a grid

Let Q<RN, N=1. Consider the Lipschitz projections IT* from Zo to sl
Hi(w) = \/E(Wi 1)ifwe s* and l'[i(w) =27 otherwise, i.e if weST.
Given u in C9(Q,00), we construct U from Q to S x S! setting
U=Mou, M ou)=(u",u")e CO(Q,§1 xs1).
If there exists a continuous lifting ¢* € CO(Q,R) of u so that
ut = expi(pir on Q,
then, we introduce a the "Telecran" map Tgc(u) € CO(Q,R?) defined by

1
T 2n

Tere(u)(x) ((PJr(X)'(If(X)), for xe Q.
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Q=51 u~y=apalp7, then image of ® is a square.

¢ a”!

Figure: The image by the Telecran map Te. of ¥
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Example 2

u~= a‘la_lﬁ_laﬁ_lﬁ‘laﬁaﬁa_lﬁ,

(P_ ﬁ_l Bl

Figure: The image by Tej. of u
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Generalities on harmonic maps

Let .# be a smooth Riemannian manifold. Let : v:Q — . be a regular map,
where QRN is open. The map v is said to be a harmonic map if i and only
if it is locally a critical point on the Dirichlet Energy

1
E(u)= §f9|vu|2(X)dX, for u: Q — .

If & is isometrical embedded in some R¥, this is equivalent to
Av(x) L Ty(x)? ¥x€Q. (6)

If dim.# =1 and ¢ est local constant speed parametrization of & (e.g
y=expif if #=51), then condition (6) writes

A(pov)(x)=0,¥xeQ. (M

Harmonic maps may be obtained by minimizing the energy or Min-max
procedures.
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The Hopf differential for harmonic maps

Assume dimQ =2. Given u— %, the Hopf differential w(u) is the function
defined by
ou |2 | ou 2 2_6u ou
0xo 0x1 0xo

w(u)—l

The Hopf differential vanishes for conformal maps. For harmonic maps, the
Hopf differential is holomorphic

0w(u)

~0on Q.
oz on

In the case % is one-dimensional, and Tov is possibly local constant speed 1
parametrization (e.g. 7=, if ¥ =5 and u=expif(u(x)))
o(tou) .0(tou)

B 2 . a . _
w(u)=A(uv)%, with A(u)= ox i 5% +

ou . O0u
— =i &, (x)-
0x1 0><2 u(x)

Notice that

|A(u)l=IVu| and A(u)=" \/‘m(u)”.
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Harmonic maps into one-dimensional singular spaces

The notion of Dirichlet energy and minimizing harmonic maps was extended to
the case the target X is a metric space :

@ has constant dimension
@ is non-positively curved (NPC),

thanks to works by Gromov-Schoen. In particular 2 is a (NPC) metric space.
The Dirichlet energy of u is given by the formula

e d(u(x),u(y))?
E(U) —!I_f:ﬂOE N[ EWdXdy' (8)

Mg ={(x,y) e QxQ,Ix-y| = ¢}.

They proved the existence and uniqueness of minimizing harmonic maps as well
as Lipschitz regularity. Moreover, the Hopf differential is still well-defined and
holomorphic:

ou 2_|6_u|2_2,6u Ou

w(u)= |0X1 | 0xp ’ax1 0xo
0
@ =0 on Q.

0z
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Maps from the punctured domain Q4 to X

Let a1,...,a, be ¢ distinct points in R2, consider the punctured domain
Q. =2\ & 1a 0 sl -
* = 'Ul{a'}’ and maps ve C7(Q4,2), (=S or X=32y).
=

For u in C9(Q.,X), we assign to a singularity a; the homotopy class [u,a;] of u
restricted to any small circle S(a;,r), and define its homotopy class at infinity
denoted [u]o and as the homotopy class of u restricted to any circle $(0, R)
for large R>0. For given 61,...,6y, 0o € 11(Z),

YOI{UE CO(Q*,Z), such that [u,a;]1=6;,i=1,...¢, and ﬂu]]oozéoo}.

If we want YO # @, when compatibilty conditions are required:

If =5 then d;€Z and the compatibility condition is simply

l
Y6 =800
i=1
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Compatibility condition for X,

We choose §; = [u,a;]l =y = aﬁa_lﬁ_l then the compatibility condition, i.e.
the condition for YO not being empty reads as

¢ = number of squares bounded by Te¢ ([t]oo)-
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The Jacobian equation

As a remark, we observe that, if ue Y{, then
det(VTeic(u Z(Sa,

The image of QO by Tec(uv) is included in the union of the squares.
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Construction singular solutions on the punctured domain

We introduce a small parameter € >0 and consider the set Q. cR2

1.7

Qe =B(0,=)\ U B(a;,¢€),

e’ i=1

and, for u: Q4 — X, the "desingularized" energy E; defined by E¢(u,Q¢), i.e.
Eg(u):f IVul?, if T is not singular.
Qe

Consider the minimization problem _Z =inf{E.(u),ue YY)
Thank to the result of Gromov-Schoen (if £ =24, it is achieved, i.e. there

exists a map
ug € Yp, which is a minimizer for #e.

Fabrice Bethuel Singular harmonic maps into singular one-dimensional manifold



Convergence of u, to uy as e —0

Proposition

There exists a map ux : Q4 — X and a subsequence e, — 0 as m — oo, such that
for every compact set K < Q., we have, as m— co

lg,, — U in strongly in H1(K) and C(O'“)(K) for any 0 < a < 1.

The map us is locally minimizing, i.e. for every ball B(zg, R) € Qx«, ux
minimizes the Dirichlet energy among all maps in Hl(B(zo, R)) with the same
value on the boundary 0B(zy, R). It follows

_iw(u*) =0 on Q.
0z
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The Hopf differential w(u.)

The map w(ux) is a central tool for the analysis of properties of u.. Since
o(ux) is meromorphic on R2, it will be completely determined by its behavior
near its poles {a,-}f:1 and its behavior at infinity.

Proposition

There exists ¢ numbers (G;(al,...,a[))le such that the function w(u.) writes

w(u*)(z):—i( 4 +9,-(al,...,ag)).

Zi\(z-a;)? z-a;

Moreover, we have

Yool
w(usx)(z) ~— 2 as |z| — oo.

Main problem: Determine the "functions" 0;(a1,...,az).

Fabrice Bethuel
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Two additional relations

More precisely, the problem is to determine, among all second order
differentials of the form

ofu )(z)——f(L+ i )e 0,cC
' Fi\(z-a)? z-a) T

the ones which are the Hopf differential of a map ..

Matching the expansions as z — oo of termes of order —1 and -2 in z, we are
led to two additional relations

ei(al,...,anz)a,- =Yool = £.

1l
f

i

Hence, we should have only ¢ -2 free parameters.

Fabrice Bethuel
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An example : The Hopf Differential for = =S?.

If = =51, the computation of B-Brezis-Hélein (94) show that w(u.) is the
square of meromprphic function actually

w(uy) = A(u* )2, with

. —712

i= 12 a,

Expanding, we obtain

where

The function 0; is hence, for 5 =5, a uniquely defined meromorphic (actually
rational) function of the points a1,...,ap.
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The case £ =3

For £ =24 (and singular one-dimensional targets in general) Mehdi Trense was
able to prove in his thesis :

Theorem (Trense, 2025)

The coefficients 0; are (possibly multi-valued) meromorphic functions of the
points ay,...,ay.

In general, w(uy) is NOT the square of a meromorphic function... and
therefore one has to take a square root( using suitable Riemann surfaces).
Recall, indeed that, if u(x) #0, then we may write

ou . 0u
Rl Sl

A =4
(u) == Ox;  0xo

'éu(x)’

But the sign is not clearly determined globally.
The arguments relies in particular of result of Strebel and Jenkins.

Next a few remarks leading to the proof.
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w(u,) is a rational function

we may write, with ¢ = |yool,
1T
2MMoa(?) VzeQy(a),

P3(2)

w(ux)=Wg 5 with Wg 5(z) =c

4
where we have set Pa(z) = ] (z—2a;) and
i=1

Mg a(z f( 4Q?,(2) +0,Q;a(2)P (z)), with
- (10)

Qsa(2) =[]z~ )= 22

J#
¢ -1 and hence deg(TTg 5) =2¢-2.

We notice that deg(Pa)=¢, deg(Q;a)
20-2 of [T 4 is equal to 1

The coefficient of order z

==
0242, which are the zeroes of w(us) and

Moa has 2¢ -2 roots 01,...,
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Another parametrization of TTg ,

By Lagrange interpolation, there exists an auxiliary variable

C=(C0,C1,+»Cp3) € ¢/2, such that

Mg a(2) = Ha(z,0), for z€C, (11)
where Hy € C[z, (] is defined by

Z 4Q; a(aj))Qja(2) +Z¢(z)Pa(z), with

independant of ¢ (12)
; -3 .
Z:(2)= 22024 Y ¢z, vzeC.
j=0
The problem becomes : Find all values {x of  which corresponds to a map
Us.
If £=2, (11) still holds with Ha with Z=—c.
We have hence

1 Z-(a;
9,-—L,-(Z)+ @) oo, (13)

iziai—aj)  Qiay)

In particular, 8; is a rational function of a and (.
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The case of two singularities £ =2

In the case ¢ =2, we derive
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Retrieving u, from w(u,) and A(u,)

We retrieve the map ., by integration, introducing the function
z
F(z) :[ A(z)dz, where zj is arbitrary in Q.. (14)
z0

Since A is locally holomorphic, we have

oF
=A

P (15)

Locally, if u. is far from 0, the image of u can arc-length parametrized by ¢:
z

F(Z)=fz ((pou)x, —i(pou)x,)(dxy +idxp)
0

- [L:((lpo u)xldX1 +((po ”)X2dx2)+ifzz((‘pou)xld’Q—(<.0°U)x2dX1)].

(16)
It we take the real part, we obtain
8‘?(F(Z))=fz:((<ﬂ°U)X1dX1+(tﬂ°U)x2d><2)=((/J°U)(Z)—(<ﬂ°U)(Zo)- (17)

Hence, the local arc-length of u is determined by R(F(z)).
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Behavior near a zero of w(u.)

Suppose that at x=0, w(ux) as a zero of multiplicity 1, hence order 1. Using a
holomorphic change of coordinates, we write

lw

w(z) =2z near 0, so that F(z) =z2.
The solutions to the equation

R(F(z))=0 (18)

are the three half lines Di ={z=-r, for r=0}, Dé ={z=rexp %”, r=0} and

Dé ={z= rexp—%, r=0}. that is, for some neighborhood “le of o;, we have

w;1(0)n%; = (D) uDyu D)) ;. (19)
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The Riemann surface &

The best way to work with the square root A(us) is to introduce the Riemann
surface

20-2
6:{(y,z)€([:x([:’5.t. y2=”9,a(2): knl (z—(rk)}, 01,...,00¢_9 zeroes of us.

Figure: £ =3, 4 roots
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Cycles are integers

For ki # k, consider two roots o}, 0}, and

Oky ﬂea
M= [, 7 Pz [ 5 0

O"kl

(20)

I He, a(z
:Cilfdkz( ) ¢ a( )dZEAkl,lQ(Z,*).

Ukl(C*) Pa(Z)
Since . (0, (Cx) =1 (04, (Cx)) = O, this implies
E}?(Akl,kz)(c"()EZ*'

Mehdi Trense was able to prove that the imaginary part vanishes, so that, this
yields
Ak ko (Cx) €Z7.

a condition which characterizes (x and hence 6;(ay,...,a,).
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The case of three points ¢ =3

When ¢ =3, the number of roots o0 is 20 -2 =4,
Ha(z, Q) =c2z+ (.

and the genus g of G is
g=1

B
—\ a—l a |
L a_l -2 |«
01 02 -1
a >l a
—1
OR p
B a «a
03 04 — 3
\ 71 a; a, ﬁ
N e IR ]
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Thank you for your attention!

Figure: An "artistic" view of an hyperelliptic Riemann surface according to chatGPT
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