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VECTOR FIELDS AND CHARACTERISTIC NUMBERS

Raoul Bott

Theorem 1 is really a byproduct of M. Atiyah’s and my work on the generalized
fixed point theorem [1], and its history is as follows. A formula of this type was
first conjectured to me by V. Guillemin, who derived some special cases of it from
our fixed-point formula and the Riemann-Roch formula of Hirzebruch. Next, M.
Atiyah pointed out that there really were sufficiently many such special cases to
prove the theorem in general as a consequence of our fixed-point formula.

Aeglzing this Erocedure to sufficientlz many of the sheaves
al a2 a
2, ®2,°® -7,

(where 2, denotes the sheaf of germs of holomorphic r-forms on X) and using some
standard K-theory, one can derive sufficiently many verifications of Theorem 1 to
prove it in general.
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Fermion Quantum Numbers in Kaluza-Klein Theory
Edward Witten

238 Edward Witten
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Figure 1

Zero m‘odes of the Dirac operator of positive or negative chirality are indicated by x or O,
respectively. The number of x s minus Os at zero energy is invariant under perturbations.
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matrix elements. In the coordinate basis, the diagonal matrix elements of
¢4« yanish except near the zeros of K. The fixed point formula is similar to
the method of Landau and Lifshitz?”! for computing the character of a
molecular symmetry group furnished by the molecular vibrations in terms
of fixed points of the symmetry group action.

To gain some practice with (35), let us use these methods to retrieve the

results of section I1I. We consider a spin § particle moving on the two-
rnhara Wa tala K ta he (fioure S) the oenerator of a rotation about the z
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GRAVITATIONAL ANOMALIES

Luis ALVAREZ-GAUME!
Lyman Laboratory of Physics, Harvard University, Cambridge, MA 02138, USA

Edward WITTEN?
Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544, USA

in ten dimensions. But now we meet a real surprise, which is by far the most striking
result of this paper. The expressions for fl,z, f3,2, and I, in (119) are linearly
dependent. In addition, the minimal solution is remarkably simple: -1, 12t f3 2t Ia=
0. Thus, a ten-dimensional theory with one (complex) negative chirality spin-5 field,
one (complex) positive chirality spin-% field, and one (real) self-dual antisymmetric
tensor _is free of anomalies. What is more, modulo fields that do not contribute
anomalies, this is precisely the field content of the chiral n =2 supergravity theory
in ten dimensions [11], which is the naive low-energy limit of one of the ten-
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Classification of Gravitational Instanton Symmetries

G. W. Gibbons and S. W. Hawking

Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Cambridge CB3 9EW, England

Acknowledgements. We should thank J. F. Adams, M. F. Atiyah, N. Hitchin, D. N. Page and C. N. Pope
for help and discussions.

t= ) —cotanpfcotangf+ ) Y cosec’0, (4.7)
nuts bolts
Y is the self intersection number of a bolt and 20 is the group parameter.
Equation (4.7) holds for all values of 0. If one expands in powers of 0 the first
two terms give

>, —(pg)" '+ ) Y=0, (4.8)
nuts bolts

2. 3(pa " +gp)+3 ) Y=t. 43)
nuts bolts

Applying (4.8) to the Killing vector 5‘1—) in CP? which has an antinut with
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nuts bolts

Y is the self intersection number of a bolt and 20 is the group parameter.
Equation (4.7) holds for all values of 0. If one expands in powers of 0 the first
two terms give
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D, %(pq“+qp")+%b2l Y= |—E§J —>Clasn’5 (4.9)
nuts olts

Applying (4.8) to the Killing vector 5% in CP? which has an antinut with
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5. Duality Gikbon) - Hq.w |u’nj Ah’u‘b}
0

The action of the group G with Killing vector K = a defines a fibering n: M

— C— B where C is the fixed point set of x.. In other words B is the 3-dimensional
space of non-trivial orbits of G. The manifold B inherits a metric

h,=9.,—V 'K,K,, (5.1)
where V=K“K,. The metric g, on M can then be written locally in the form

ds*=V(dt+wdx')? + V™~ 1y dx'dx’ (5.2)

The twist field H;;=0,0;—0;w, is gauge invariant. It can be expressed as
H,=2K, hehlv—'. (5.5)

For the rest of this section we shall work in the 3-dimensional space B. Indices
i,j, k etc. will be raised or lowered by 7;; and covariant differentiation with respect
to 7;; will be denoted by |. Using the 3-dimensional alternating tensor one can
define a twist vector H; by

H,=3el*H,, . (5.6)
This obeys the conservation equation

Hj;=0. (5.7)
One can therefore define the nut charge within a 2-surface L by

N=@m) ! | Hdo'. = _\ j c, (5.8)
L ST
L




One can therefore define the nut charge within a 2-surface L by

N=(@8n)' | Hdo" .
L

In the case of a nut of type (p, q)

N=(8npq) ™' .

For a bolt with self intersection number Y

N=(8n) YR

——— ~

A, 18 the area of the n’th bolt. Thus
i= Z —iAn.'_ Z %wnNnﬁ—‘. Z _%wnNnﬂ

bolts bolts nuts
Y 2 2
-3 -~ Y By W
bolts bolts 16TC nuts 167'Cpq

This generalizes the formula

~

f=—14



3
d'IP;[w:x:Y:%],_) Zq’_ X Y=0
Co:1:0:0)

=X/

[o:0:1:0] ';'

(Am)-[w: x:Y:2]=[ w:a%x: m*y: AP 2] &)
1= e*® p= L

i] Gewric ©,,0, = 3NUTS

i] ©,=0 =» 1 NUT, 1BOLT

2 X=2=0=2 X=Y=2=0



CIPB[‘,w:x:Y:z'J — 2¥- X3Y=O 2 =0
o~ E“:‘,b XS
(1:0:0:0) [o:0:1:0] = 1 +Jb*J
(A p0-[w: x: Y: 2] =Lw: 2% p0Y: A2
1=e*® n=e L0
O
Set ’A:j{:‘ = e?'

1A+ A+

l("\""‘) (4K )""j (A%t + AP+ 20> 4-2/()

..~ 6'_' e|= 161

b bl +3(/¢-q+}\/&") + 3"/%-5 }\]

(l ’/\")( 1-p %)

,(26)

L )/‘- [|+3(2 Bud )yt A MJ = /x
(1-2% ) (1-4"2 )

-nH)(-247Y)

FOfn cqrc/— Hodag



