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Harmonic maps
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Daskaloyan-

") M, N Riemannian manifolds, u: M — N

e(u) = Trg(u™(h)) = g7 (x)hus(u(x))0iu" 9y

Maps:
Riemannian
case

Ew) = [ e(w)dn,

Euler-Lagrange equations of the energy functional are ta
nonlinear system of elliptic PDEs of second order.

Solutions: Harmonic Maps



Riemann surfaces
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Mapping between surfaces: Isothermal coordinates...

) . g = ef(z,Z)’dz‘2’ h— eF(u,E)‘du’2

Maps:
Riemannian

E(u) = / FOD (0,0, + 05ul?) dxdy,

Harmonic map equations:

Ozzu + OyF (u, 1)0,udzu = 0.
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Harmonic
Maps:
Riemannian
case

Integrability

u = R + IS harmonic iff
85 (eF<“vﬂ>azuaza) —0

Consider locally a conformal change of coordinates s.t.

eFWwDo, uo,ia =1
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Harmonic
Maps:
Riemannian
case

Change of coordinates

then

eF g, u0,0 = e )

C=§+in:/e_)‘(z)/2dz



Set

Then

: .
e=e20,uandv=w+i6
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solutions of Beltrami equation

8§u _
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o,u
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Harmonic
Maps:
Riemannian
case

Compatability conditions

Since 0%;v = 02,v we get:

_ F(R,)S)
Dew—0f=e 2

:S)

00+ 0w=e" "2

sinhw(OrF cos O + OsF sin 0)

coshw(0sF cosf — OrF sin 0)
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Harmonic
Maps:
Riemannian
case

sinh-Gordon

Since 8)2(},0 = 83)(0 we get:

Aw = 2e FAF sinhwcoshw = —2Kp sinh 2w
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Harmonic
Maps:
Riemannian
case

Backlund transformation

Aw = —2Kp sinh(2w), Backlund transformation
iNG =2eF ((F2— Fuu) €2 — (F2 — Fzz) e72)
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Harmonic
Maps:
Riemannian
case

Backlund transformation

Let
1

Oxw — 0y0 = —2sinhwsinf

Ox0 + Oyw = —2 coshw cos
Backlund transformation:

Aw = —2sinh (2w) <> Af = —2sin (26)



Constant Curvature: Uniform Approach
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it We have to solve sinh-Gordon

Harmon Aw = —2K) sinh 2w
armonic

Maps:

Riemannian

case and Beltrami

Assume

one soliton solution...



Elliptic functions
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¢ 1
nis) X:/ =t
0 V/1—msin’t

sn(x, m) = sin¢

Harmonic
Maps:
Riemannian
case

cn(x, m) = cos ¢

dn(x,m) = V1 — msin? x

¢ 1
(n6.m) = [ o
0 (1— nsin? t)m



1-soliton solutions
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Hormonic Solve sinh-Gordon equation when Ky = const and
Maps: w = W(aX + by)

Riemannian
case

Aw = —2Kp sinh 2w

via elliptic integrals



1-soliton solutions
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coauthor C. .t 1 4K,
(Daskz;::)ya::- R — RO =X - XO 4+ anT I—I( ’I'W, — I2V) - I_IO
nis) c cos? T cp
Harmonic
aps: 1 / Y
mez]annian 5—50 = arCtanh d ( ) - 30
case \/E 1 + ‘tf;é\l C052 T \/E 1 + % C052 T
2
cos” T 4K 1
ef®) = K + ,2\1
N €P" " cosh (\/ (1+ 4K"’ cos? 7)(S — So) + Z0)
where

tanhw = \}Esn(\/cm(v —Yo) + vo\%)...
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Harmonic
Maps:
Riemannian
case

Recover example in JDG

/Z()’)
0

y
R=x+ a/ sin? S(t)dt,
0

S =cot ' z(y).y € [0, 7]

dz

VA 222 h2

s

E_yvc

2:1+b2+a4,y€[0,g]



Recover example in JDG
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/ o dz 7T
Harmonic - =
Maps: 0 A /24 + C2z2 + b2 2
Riemannian

case a2 /OO dz B
0o (I+z22)Vzh+c2z2+b? 2

and extend the functions R, S by symmetry in the y = 7 axis...

Recover examples: Shi-Tam-Wan, Wolf, Li-Tam
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Generalization:

Pseuro-
Riemannian
case

Pseudo-Riemann surfaces

Mapping between surfaces: Isothermal coordinates...
g = e "Wdvdw = ef 0¥ (dx? — 2dy?),
where v=x4+¢ey,w=x—ey,e=1,i
h=eFVWavaw = efF (R9)(dR? — §2dS?),

where
v=x+ey,w=x—ey,V=R+ISW=R-05,0=1,i
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Generalization:

Pseuro-
Riemannian
case

Harmonic maps

M, N pseudo-Riemann surfaces, u: M — N
In isothermal coordinates:

1 &

E(u) =~ /(Rf - ?Rf —6%S7 + 6—25§)dxdy
Euler-Lagrange equations of the energy functional are a
nonlinear system of elliptic or hyperbolic PDEs of second order.
Solutions: Harmonic (or Wave) Maps



Notation
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1 1 1 0
Ve = (VX+EVy) 2(R'+ R, + 85« + =5,),
1 1 1 1 0
Vi = 5(Va = =) = 5(Re = =R, + 35, — 25,
Generalization: €
Pseuro- 1 1 1 1 5
Riemannian WV — 7(WX + 7wy) — (R + R 65)( _ 75}/)
case 2 € 2 €
1 1 1 1 1)
w,, = §(WX EWy) = i(RX 0Sx + ESy)
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Generalization:

Pseuro-
Riemannian
case

Harmonic maps

A map u = (R, S) is harmonic if it satisfies the system
Vow + Fy(V, W)WV, V,, =0

W + Fw(V, W) W, W,, =0,
where V=R +6S, W =R —§S.
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Generalization:

Pseuro-
Riemannian
case

Integrability

u = R + iS5 harmonic iff

(eF(V’W) V, WV)W —0

and
(FMv,w,) =0

v

Consider locally a conformal change of coordinates s.t.

(eF(V’W)VVWV) —1, (eFWvW) VWWW) —1



Change of coordinates
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("MW, ) = AW), (e NIVL W) = M(w)
Generalization:

Pseuro- then

femann 1
?::;rlanman Q_ / 1 dv’ 77 _ / dW
VA(Y) M(w)
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Generalization:

Pseuro-
Riemannian
case

Parametrization

Harmonic maps equations are equivallent to...

and

R«R, — 65,5, =0

1
<R3 + 12Ry2> g (53 + 253) _ 4o FIRS)
€ €



Parametrization
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F

R, = 2e 2 coshQ cosh©
R, =2¢ e_g sinh Qsinh ©
2
Generalization: SX = ge_g COSh Q Slnh e
Pis::g)l;nian 26 E
e Sy = jeff sinh € cosh ©,
where
1)

0="w, ©=4

€
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Generalization:

Pseuro-
Riemannian
case

Compatability conditions

Since V,,, =

wy and W, = W, we get:

Fw
QW+@W:7_FVVW7

Fy
_Qv‘i_@v:?_FVVv-



sine-Gordon type equation
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Since 8)%,@ = 83)(@ we get:

Qo — €2Q,,, = —2Kpy sinh 2Q.

where

Generalization:
Pseuro-
Riemannian

1
case Ky = —2Fywe F = 5 (Frr — 0%Fss) e F(R)

and Q = gw



solutions of Beltrami equations
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Backlund transformation
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Quw = —% sinh(29), Backlund transformation
Generalization: 2@VW = eiF ((F\2/ - FVV) e2e - (Fs\/ - FWW) 6729)

Pseuro-
Riemannian
case



Backlund transformation
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(aR + 62bS)?

If § =e=1,a=1,b=0 then auto-Backlund of

Generalization: w — W = 2 Sinh 2w
Pseuro- > %4 ( )’
Riemannian
case

If § =i,e=1,a=1,b =0 then auto-Backlund of

Wy — Wyy = 2sin(2w).



Constant Curvature: Uniform Approach

A. Fotiadis We have to solve
(coauthor C.
Daska{l())yan- 1 K (5
nis N
Dot 2y = =7 sinh 20, where @ = w.

and Beltrami equations

e Vi _ —2Q
Generalization: — =€ 5
Pseuro- VV
Riemannian
case W

w
)

Assume

one soliton solution...
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Generalization:

Pseuro-
Riemannian
case

Interesting Problems

1. Find new solutions to the sinh-Gordon equation and the
corresponding harmonic maps.

2. The generalized sine-Gordon equation is interesting on its
own right. Construct new families of solutions.

3. Multidimensional cases (under current investigation)
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m Harmonic maps between riemannian surfaces
m Generalization

m Open problems

Summary



Thank you very much for your attention!
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