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Harmonic maps

M,N Riemannian manifolds, u : M → N

e(u) = Trg (u∗(h)) = g ij(x)hαβ(u(x))∂iu
α∂ju

β.

E (u) =

∫
M
e(u)dvM ,

Euler-Lagrange equations of the energy functional are ta
nonlinear system of elliptic PDEs of second order.
Solutions: Harmonic Maps
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Riemann surfaces

Mapping between surfaces: Isothermal coordinates...

g = ef (z,z̄)|dz |2, h = eF (u,ū)|du|2

E (u) =

∫
eF (u,ū)(|∂zuz |2 + |∂z̄u|2) dxdy ,

Harmonic map equations:

∂zz̄u + ∂uF (u, ū)∂zu∂z̄u = 0.
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Integrability

u = R + iS harmonic iff

∂z̄

(
eF (u,ū)∂zu∂z ū

)
= 0

Consider locally a conformal change of coordinates s.t.

eF (u,ū)∂zu∂z ū = 1
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Change of coordinates

If
eF (u,ū)∂zu∂z ū = e−λ(z)

then

ζ = ξ + iη =

∫
e−λ(z)/2 dz
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Parametrization

Set
ev = e

F
2 ∂zu and v = ω + iθ.

Then
ev = e

F
2 ∂zu

e−v̄ = e
F
2 ∂z̄u
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Observation

solutions of Beltrami equation

∂z̄u

∂zu
= e−2ω



A. Fotiadis
(coauthor C.
Daskaloyan-

nis)

Outline

Harmonic
Maps:
Riemannian
case

Generalization:
Pseuro-
Riemannian
case

Summary

Compatability conditions

Since ∂2
zz̄v = ∂2

z̄zv we get:

∂xω − ∂yθ = e−
F (R,S)

2 sinhω(∂RF cos θ + ∂SF sin θ)

∂xθ + ∂yω = e−
F (R,S)

2 coshω(∂SF cos θ − ∂RF sin θ)
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sinh-Gordon

Since ∂2
xyθ = ∂2

yxθ we get:

∆ω = 2e−F∆F sinhω coshω = −2KN sinh 2ω
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Bäcklund transformation

∆ω = −2KN sinh(2ω), Bäcklund transformation
i∆θ = 2e−F

((
F 2
u − Fuu

)
e2iθ −

(
F 2
z̄ − Fz̄ z̄

)
e−2iθ

)
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Bäcklund transformation

Let

eF =
1

S2
.

∂xω − ∂yθ = −2 sinhω sin θ

∂xθ + ∂yω = −2 coshω cos θ

Bäcklund transformation:

∆ω = −2 sinh (2ω)↔ ∆θ = −2 sin (2θ)
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Constant Curvature: Uniform Approach

We have to solve sinh-Gordon

∆ω = −2KN sinh 2ω

and Beltrami
∂z̄u

∂zu
= e−2ω

Assume
ω = ω(ax + by)

one soliton solution...
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Elliptic functions

x =

∫ φ

0

1√
1−m sin2 t

dt

sn(x ,m) = sinφ

cn(x ,m) = cosφ

dn(x ,m) =
√

1−m sin2 x

Π(n, φ,m) =

∫ φ

0

1

(1− n sin2 t)
√

1−m sin2 t
dt
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1-soliton solutions

Solve sinh-Gordon equation when KN = const and
ω = ω(ax + by):

∆ω = −2KN sinh 2ω

via elliptic integrals
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1-soliton solutions

R − R0 = X − X0 + i
tan τ

c

(
Π(

1

cos2 τ
, iw ,−4KN

cρ2
)− Π0

)

S−S0 =
1

√
c
√

1 + 4KN
cρ2 cos2 τ

arctanh
w ′(Y )

√
c
√

1 + 4KN
cρ2 cos2 τ

− a0



eF (S) =
cos2 τ

KN
(1+

4KN

cρ2
)

1

cosh
(√

c(1 + 4KN
cρ2 cos2 τ)(S − S0) + Σ0

)
where

tanhω =
1√
m
sn(
√
Cm(Y − Y0) + v0|

1

m
)...
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Recover example in JDG

R = x + a

∫ y

0
sin2 S(t)dt,

S = cot−1 z(y), y ∈ [0,
π

2
]∫ z(y)

0

dz√
z4 + c2z2 + b2

=
π

2
− y , c2 = 1 + b2 + a4, y ∈ [0,

π

2
]
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Recover example in JDG

∫ ∞
0

dz√
z4 + c2z2 + b2

=
π

2

a2

∫ ∞
0

dz

(1 + z2)
√
z4 + c2z2 + b2

=
β

2

and extend the functions R, S by symmetry in the y = π
2 axis...

Recover examples: Shi-Tam-Wan, Wolf, Li-Tam
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Pseudo-Riemann surfaces

Mapping between surfaces: Isothermal coordinates...

g = ef (v ,w)dvdw = ef (x ,y)(dx2 − ε2dy2),

where v = x + εy ,w = x − εy , ε = 1, i

h = eF (V ,W )dVdW = eF (R,S)(dR2 − δ2dS2),

where
v = x + εy ,w = x − εy ,V = R + δS ,W = R − δS , δ = 1, i
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Harmonic maps

M,N pseudo-Riemann surfaces, u : M → N
In isothermal coordinates:

E (u) =
1

2

∫
(R2

x −
1

ε2
R2
y − δ2S2

x +
δ2

ε2
S2
y )dxdy

Euler-Lagrange equations of the energy functional are a
nonlinear system of elliptic or hyperbolic PDEs of second order.
Solutions: Harmonic (or Wave) Maps
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Notation

Vv =
1

2
(Vx +

1

ε
Vy ) =

1

2
(Rx +

1

ε
Ry + δSx +

δ

ε
Sy ),

Vw =
1

2
(Vx −

1

ε
Vy ) =

1

2
(Rx −

1

ε
Ry + δSx −

δ

ε
Sy ),

Wv =
1

2
(Wx +

1

ε
Wy ) =

1

2
(Rx +

1

ε
Ry − δSx −

δ

ε
Sy ),

Ww =
1

2
(Wx −

1

ε
Wy ) =

1

2
(Rx −

1

ε
Ry − δSx +

δ

ε
Sy ).
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Harmonic maps

A map u = (R, S) is harmonic if it satisfies the system

Vvw + FV (V ,W )VvVw = 0

Wvw + FW (V ,W )WvWw = 0,

where V = R + δS , W = R − δS .
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Integrability

u = R + iS harmonic iff(
eF (V ,W )VvWv

)
w

= 0

and (
eF (V ,W )VwWw

)
v

= 0

Consider locally a conformal change of coordinates s.t.(
eF (V ,W )VvWv

)
= 1,

(
eF (V ,W )VwWw

)
= 1
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Change of coordinates

If (
eF (V ,W )VvWv

)
= Λ(v),

(
eF (V ,W )VwWw

)
= M(w)

then

ζ =

∫
1√
Λ(v)

dv , η =

∫
1√

M(w)
dw
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Parametrization

Harmonic maps equations are equivallent to...

RxRy − δ2 SxSy = 0

and (
R2
x +

1

ε2
R2
y

)
− δ2

(
S2
x +

1

ε2
S2
y

)
= 4e−F (R,S).



A. Fotiadis
(coauthor C.
Daskaloyan-

nis)

Outline

Harmonic
Maps:
Riemannian
case

Generalization:
Pseuro-
Riemannian
case

Summary

Parametrization

Rx = 2e−
F
2 cosh Ω cosh Θ

Ry = 2 ε e−
F
2 sinh Ω sinh Θ

Sx =
2

δ
e−

F
2 cosh Ω sinh Θ

Sy =
2ε

δ
e−

F
2 sinh Ω cosh Θ,

where

Ω =
δ

ε
ω, Θ = δθ
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Compatability conditions

Since Vvw = Vwv and Wvw = Wwv we get:

Ωw + Θw =
Fw
2
− FVVw ,

−Ωv + Θv =
Fv
2
− FVVv .
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sine-Gordon type equation

Since ∂2
xyΘ = ∂2

yxΘ we get:

Ωxx − ε2Ωyy = −2KN sinh 2Ω.

where

KN = −2FVW e−F = −1

2

(
FRR − δ2FSS

)
e−F (R,S),

and Ω = δ
εω
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Observation

solutions of Beltrami equations

Vw

Vv
= e−2Ω,

Ww

Wv
= e2Ω,
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Bäcklund transformation

Ωvw = −KN
2 sinh(2Ω), Bäcklund transformation

2Θvw = e−F
((
F 2
V − FVV

)
e2Θ −

(
F 2
W − FWW

)
e−2Θ

)
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Bäcklund transformation

Let

eF =
1

(aR + δ2bS)2
.

If δ = ε = 1, a = 1, b = 0 then auto-Bäcklund of

ωxx − ωyy = 2 sinh(2ω),

If δ = i , ε = 1, a = 1, b = 0 then auto-Bäcklund of

ωxx − ωyy = 2 sin(2ω).
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Constant Curvature: Uniform Approach

We have to solve

Ωxx +
1

ε2
Ωyy = −KN

2
sinh 2Ω, where Ω =

δ

ε
ω.

and Beltrami equations

Vw

Vv
= e−2Ω,

Ww

Wv
= e2Ω,

Assume
ω = ω(ax + by)

one soliton solution...
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Interesting Problems

1. Find new solutions to the sinh-Gordon equation and the
corresponding harmonic maps.
2. The generalized sine-Gordon equation is interesting on its
own right. Construct new families of solutions.
3. Multidimensional cases (under current investigation)
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Publications

Beltrami equation for the harmonic diffeomorphisms
between surfaces. A. Fotiadis and C Daskaloyannis,
Nonlinear Analysis (2022).

Unified formalism for harmonic maps between Riemann or
Lorentz surfaces. A. Fotiadis and C Daskaloyannis,
Accepted in Journal of Geometry and Physics

New examples of harmonic maps to the hyperbolic plane
via Backlund transformation. G. Polychrou, E.
Papageorgiou, A. Fotiadis, C. Daskaloyannis. Revista
Matematica Complutense (2023)
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Harmonic maps between riemannian surfaces

Generalization

Open problems
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Thank you very much for your attention!
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