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via crossings

Even if the linking number is 0, the link can not necessarily be

unlinked:

B

as shown in a letter
Whitehead Link from Maxwell to

Tait from 1867
Ik(K, L) = 0 but the unknotting number is 1.
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Maxwell's equations

Magnetostatic Maxwell equations:

dp=w << curlp=w “Ampere's Law”
d*u=0 <« divp=0 “no monopoles”

for the stationary magentic field i caused by a current density w.
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Maxwell's equations
Magnetostatic Maxwell equations:

dp=w < curlﬁ = “Ampere’s Law”

d*n=0 <« dive=0 "no monopoles”
for the stationary magentic field p caused by a current density w.
Biot-Savart law:

Bx) = . /jo(y)X(X—y)d3%

3
volS? [Ix =l

If the current is confined to a loop L' C R3 and a magnetic unit
monopole is moved along another loop K! C R3, then the work
picked up is the linking number.
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other methods to obtain Linking integrals

The Linking Number Cantarella, deTurck, Gluck: for 3-dimensional space forms, solve

the magnetostatic Maxwell equations, Biot-Savart operator.
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~——
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Compact Symmetrc Shonkwiler, Vela-Vick: linking in “visible submanifolds” of
paces of Ran

Spheres Euclidean space, i.e. hypersurfaces whose radial projection to the
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via Thom Class, Poincaré Dual

X an oriented n-dimensional manifold.
Kk L c X
disjoint, closed, connected, oriented submanifolds,
k+¢+1=n , dim K=k, dim L=/
long exact cohomology sequence of the pair X, X \ K:
= Zu
H—k(X) o H=k(X, X \ K) & HY X\ K) <— HYX)

P

1

\ UUT l;; /

H(L)
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via Thom Class, Poincaré Dual

The Linking Number

The Linking Number via
Crossings

Gauss' Linking Integral in =~ Z u
R"

Maxwell's equations

Efri‘rn:?:lz::rsa:omam Hn—k(X) J H"— (X X\ K) (T HK(X\K) (IT HZ(X)

via Thom Class, Poincaré .k
Dual T l’L
should be 0 should be 0

deRham Cohomology

Cartan's Formula H(K) H(L)

Negatively curved
symmetric spaces

e u is the Thom class, or any Poincaré dual of K in X.

CH"

Compact Symmetric lk(K, L) = <571U | [L]>

Spaces of Rank 1

Spheres

Proecive Spaces 5P This is well-defined if the fundamental classes of K and L vanish
Example: CP?, d ! in X

Example: CP?, linking

- For spheres K, L in rank-1 symmetric spaces X, or (compact)
Energy Estimate for hyperbolic manifolds, this is “almost” always true,

Cross-Helicities
ot o Exceptions: S2 < CP", S* < HP", S8 — QP2

Energy estimates for the
Hopf invariant
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deRham Cohomology

The Linking Number

The Linking Number via
Crossings

Gauss' Linking Integral in
R"

Maxwels squations For u we can take any Poincaré dual of K in X. This is any form
Vg e u € Q"K(X) so that

via Thom Class, Poincaré

Dual
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Cartan’s Formula

Negatively curved

Smmeticspaces 2. / o= / u A afor all a € QK(X) with da =0
K X
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CH"
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Somene of Pank 1 If the support of u is in a tubular neighbourhood of K, then such
Spheres a form represents the Thom-class of the normal bundle of K in X

Projective Spaces RP”,

TR OR corresponding to the orientations. This exists for any tubular
Example: CP2, d neighbourhood.

Example: CP?, linking
number

in all cases

We can localize u, i.e. choose it with support in an arbitrarily
Energy Estimate for .
Cross-Helicities small tubular neighbourhood of K.

Cross-Helicity
Hopf invariant

Energy estimates for the
Hopf invariant
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A formula for the linking number now amounts to finding a right
inverse to the Cartan differential

d: Q4X) = Q“(X) .

(K, L) = /d—lu
L

where d71u € Q(X) denotes any /-form with Cartan differential
u.
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A formula for the linking number now amounts to finding a right
inverse to the Cartan differential

d: Q4X) = Q“1(X) .

Ik(K, L) = /Ld‘

where d71u € Q(X) denotes any /-form with Cartan differential
u.  We will establish the general form for d—*

(@) = [ NN Eun Phwy dy o ()

for symmetric spaces of rank 1.
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We will establish the general form for d—!

(@) = [ NN Eun Phsy dy o ()
M

for symmetric spaces of rank 1.

Theorem

Let M be a connected oriented Riemannian manifold and

L € Hom(TM, TM) and X\ € C>°(R") are as in the general form
ford=t in (??). Let K,L C M be disjoint, connected closed
oriented submanifolds of dimensions k, | respectively, with
k+1+1=dim M. If the fundamental classes of K and L vanish
in M, then the linking number of K with L is

k(K,L) = ///\(d(x,y))voly(dLy APy Ty ANLydKy)) d'y d*x
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Cartan’'s Formula

In the sequel we will derive formulas for d1u is by integrating
Cartan’s “magic” Formula

Liw=t7dw + d(t7w) .

1. T a vector field
2. Lt the Lie derivative in direction of this vector field .

3. trw)(vi, ..., v) =w(T,v,..., V), “contraction”

If T(p) = S¢(t)(p) for a flow ¢, then

d
Lrw = p (t)'w
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In the sequel we will derive formulas for d1u is by integrating
Cartan’s “magic” Formula

Liw=t7dw + d(t7w) .

1. T a vector field
2. Lt the Lie derivative in direction of this vector field .

3. trw)(vi, ..., v) =w(T,v,..., V), “contraction”

If T(p) = S¢(t)(p) for a flow ¢, then

Lrw = % (t)'w = trdw + d(t7w)
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If dw = 0 then integrating this gives

o(t)'w =d

trd(T)*w dT + ¢(s)*w
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If dw = 0 then integrating this gives

o(t)'w=d | t7é(7)'w dT + ¢(s)*w

Assuming that t is some suitable end-time of the flow ¢, i.e.

o(t)'w=0

and s =0, we get

w=due with pe=— [ tro(r)*w dr
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Negatively curved symmetric spaces

In negatively curved symmetric spaces we can explicitly compute
this for the negative gradient flow of Busemann functions. For
each ideal point a we have a flow ¢,

In these spaces for any two points p, g there is a unique geodesic 74,
from p to q,
Tqp = ’Yclw(o) .

Y9.6(0) =P , vap(d(p.q))=q ,

.
it
v

[y

DA



Negatively curved symmetric spaces

The Linking Number

The Linking Number via
Crossings

Gauss' Linking Integral in
R"

Maxwell's equations

other methods to obtain
Linking integrals

via Thom Class, Poincaré
Dual

deRham Cohomology

Cartan’s Formula

Negatively curved
symmetric spaces

R" and H"
CH"

Compact Symmetric
Spaces of Rank 1

Spheres

Projective Spaces RP”,
CP", HP", OP*

Erample: CP, " We now average over all these flows, i.e. over the ideal boundary
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VOIS X
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Theorem
Let M be a negatively curved symmetric space and let w € Q<+1

be closed, i.e. dw = 0, and of compact support. Then we have
w = du with p € QX(M) defined by

-1 / 2m Lyt Prw d
volS"—1 J sinh(2d(x, y))™ sinh(d(x, y))dim M—m—1 v
M

Hx =

and

1 0 0
Ly = e—d(y,x)\/K: 0 e 2drXid, 0

0 0 e7d(y’x)iddim M—m—1
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R" and H"

Euclidean space R": Riesz-potential

-1 -
— / wq(p q, v, . ) Vk)dnq
volS " Ip—qll

p(Vi, .oy Vi) =

hyperbolic space H":

-1 / eikd(p’q)wq(Tp,qa Pa.pVis- - PqpVi) d"
volS"—1 Jun sinh(d(p, g))"—1 9

where P, , denotes the parallel transport from p to g along the
geodesic g, p.

po(Vvi, ... vi) =
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R" and H"

hyperbolic space H":

—1 / e_kd(P’q)wq( Tp’q, Pq,pvl, e ,Pq,pvk) d"
volS"—1 Jpn sinh(d(p, g))"1 9

where P, , denotes the parallel transport from p to g along the
geodesic g p.

po(vi, ... vi) =

The linking number in H” becomes

_ ~HolM (dLy A Pyx(Tyx A dKx
Ik(K, L) = volsi—1 // e voly' (dLy A Pyx(Ty, ) d'yd¥x
K L

sinh(d(x, y))dim M—m—1
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s ki gzl Complex hyperbolic space CH™:

Maxwell's equations

other methods to obtain

Linking integrals m (Vl Vk) _ -1 2wq(Tp,q» Qp,qvla IR Qp,qvk) dn
\Sia?mm Class, Poincaré P ) ) volSn—1 cHn S|nh(2d(p, q)) smh(d(p, q))n72
deRham Cohomology

Cartan's Formula where

Negatively curved e—d(p,q)P vifv LiT

symmetric spaces Q Vv = od q,p . .

R and H" p.q e (p’q)PqﬁpV if v=iT

CH"

G t S tri —

e2ea) o ... g

Spheres 0 e—dpa) ... 0

Projective Spaces RP”,

TP, HP", OP* Qp,q = o P

. : . a.p

Example: CP*, d ™! : : :

o e 0 0 .. eg—d(p.a)

in all cases

Energy Estimate or A similar formula holds for quaternionic hyperbolic space HH" and
ross-Helicities

Cross-Helicty the Cayley hyperbolic plane.
Hopf invariant

Energy estimates for the
Hopf invariant
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Spheres

For oo € S", replace the Busemann function by the distance from
—a. Work with the local the flow ¢, so that

Now we need to

d
—¢a(t) = —grad d_q
Z0a(t) = —gra

distance from—«
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Spheres

Theorem
Let w € Q*t1(S") be exact (equivalently closed and k < n—1 or
k=n—1and [;,w=0). Let u € Q¥(S") be defined by

Ly = /)\(d(x,y)) i1, Pyw dy
Sn

1 N .
)\(d) - sin(d)"—lvcﬂS"/sm(s) 1 sm(s — d) ds .
d

Then
dpy=w
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Spheres

Theorem

Let w € QK+1(S") be exact (equivalently closed and k < n—1ork=n—1

and [qow =0). Let u € QX(S") be defined by

where

A(d) =

Then

Corollary

= /)\(d(x,y)) LTYXP wd"y

m /sin(s)"_l_ksin(s— d)* ds .
d

The linking number of closed oriented submanifolds K*, L' c 8",

k+!+1=nis

Ik(K, L) //smd(x

77X7dKX7y) dXdy
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mapping degree obtained by deTurck and
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Projective Spaces RP", CP", HP", QP?

In place of the Busemann functions we use the distance function
from a projective r-plane V/,

KP =V Cc KP"

to its focal locus
VeKpt

Then we average over the Grassmannian of projective r-planes
KP™.
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Projective Spaces RP", CP", HP", QP?

Theorem
Let w € dQK(KP") € QKFL(KP). Then w = du with
u € QK(KP") given by

Hx = volG / /
x,y)

Jacx(y, s)

ALY dV ds ur, Phw dy

V3yyx(s)
VLK’y;y(S)
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Example: CP?, d!

Let w € dQY(CP?) C Q?(CP?). Then w = du for u € Q}(CP?)

given at x € CP? by

-2 L Tyx

2 / sin(2d(x, y)) sin?(d(x,y)) ”

CP?

Iy = Ly, Pjw dy

with
o (m —2d(x,y)) sin(2d(x, y)) + 2 cos(2d(x, y)) + 2

yx 8
cos(3d(x,y)) + (4d(x,y)

—2n)sin(d(x, y)) + 7 cos(d(x, y))

> 16
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Example: CP?, linking number

Let K1, L2 C CP? be connected closed oriented nullhomologous
submanifolds of dimension 1 and 2 respectively.

. VOlCP dL /\Pyx(Tyx/\»nydK )) ! k
(K, L) = / / sn@d(cy) s (dy)) 0T

Splitting dK = ko(x)iT + k1 and dL, = Ao A iT + A1 into
components perpendicular respectively parallel to /T, this
becomes

Ik(K, L) = // olSP (A1(y) A Py Ty A so(x)iT))

+ L1 XVOIC (Mo(y) AT APy (Tyx A ri(x))) d'y d*x .
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in all cases

B For almost all pairs (x,y) € X x X we have a unique minimizing

e , geodesic vy, . There is a universal function W so that
auss’ Linking Integral in )

R"

Maxwell’s equations

other methods to obtain

LTnkingi:(egralts * lk(/{7 L) == / W(d(X, _y), dl_y7 Tx,ya Py)deX) .

via Thom Class, Poincaré

Dual KxL

deRham Cohomology

Cartan’s Formula

Negatively curved
symmetric spaces

R and H dK, volume element of K at x
CH"
Compact Symmetric X

Spaces of Rank 1
Spheres

Projective Spaces RP",
CP", HP", OP?
Example: CP?, d %

Example: CP?, linking
number

in all cases

Energy Estimate for y
Cross-Helicities dL, e element of L at y
Cross-Helicity

Hopf invariant

Energy estimates for the
Hopf invariant
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other methods to obtain
Linking integrals

i Thom Cls, Poincré where 1 = d7 1w € Q¥=1(M) is any form with dy = w.

Dual
deRham Cohomology

Cartan’s Formula

Negatively curved
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Cross-helicity

can be estimated by Youngs convolution inequality:

e(w, @)| < [lwll, llell

1
—|——+E and g <

c(w,a) = /dflw e’
M

|kerne| of d™ 1”

P’
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Hopf invariant

f:52k=1 — Sk and let w € Q%(Sk) be any volume form, i.e.
Jsx w = 1. The Hopf invariant h(f) of this map is the helicity of
f*w. i.e. its cross-helicity with itself,

h(f) = c(frw, frw) = / d71Frun frw.

S2k—1

For p =2 = p’ and g = 1 the conditions above are satisfied

[A(F)]

IN

||f*w||§ || kernel of d_lﬂ1
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Hopf invariant

We now assume that S?%~1 carries its standard symmetric metric.

On Sk consider an arbitrary Riemannian metric with volume 1, and
volume form w. Then

|F*w|? = (JF)? = det(dfdf*)

is the Jacobian where the adjoint df* is computed with respect to
the Riemannian metrics. Since

1 1
det(dfdf*) < o trace(dfdf*)k = o trace(df* df)*

the 2k-energy Exi(f) = ||df||§i dominates the 2-norm of the
Jacobian,
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Hopf invariant
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Energy estimates for the Hopf invariant

Theorem

Let f: S>=1 — Sk be a smooth map. Assume S~ is equipped
with the standard metric, and S¥ carries any Riemannian metric of
volume 1. Then the Hopf invariant of f is estimated by the
2k-energy of f,

1 vol( g2k—2
D) < 13 > 7 e 1g//s.n(s) 2gin(s — ) ds dr .

Examples:
f,: $® = S? has |h(fh)| < = Ei(f)

f: S7 *h h(fy)| < Es(fa) .
4:S" =S 35\(4)|_2560 8(fa)
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