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Motivation

Closed manifold Closed filtered manifold

Hérmander WDOs ~ calculus by van Erp—Yuncken
Atiyah-Singer index theorem index theorems by Baum—van Erp,
Mohsen, Goffeng-Kuzmin, ...

Shubin WDOs
index formulas by Fedosov,
Hérmander, Elliott—Natsume—Nest

G graded Lie group
~7

Questions:

(1) Can one formulate the Shubin calculus in terms of a tangent groupoid?

(2) Is there a filtered Shubin calculus?

(3) When are operators elliptic in this calculus and how to determine their
index?
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Shubin calculus

A function a € C*°(R"” x R") is a Shubin symbol of order m if
Vy,8 € N§3IC, 5 > 0: |00 a(x, £)] < Cy (1 + |x| + |€))m =1L,

Example (Differential operators with polynomial coefficients)

a(x, &) = Z Capx°(i€)P ~ Op(a) = Z Ca px*0°

le+|B]<m lo]+[Bl<m

consider classical symbols: homogeneous expansion with respect to
the scalings A - (x,€) = (Ax, A§) for A >0,

principal symbol is a m-homogeneous function on R?" \ {0},

denote V¢ = {Op(a) | a classical Shubin symbol of order m},

the principal symbol map induces short exact sequences
0= W™t - wZ 23 C(S1) = 0.

= vae
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Ellipticity in the Shubin calculus

A classical Shubin pseudodifferential operator A is elliptic if its principal
symbol o,(A) € C®(5%""1) is invertible.

® denote by K™ integral operators with kernel in S(R" x R"),

® Ac VY elliptic = there is a parametrix B € W™ such that
AB—1€ K* and BA—1€ K,

® elliptic Shubin operators are Fredholm.

Examples

® on R": harmonic oscillator —A + |x|* € W% (principal symbol |¢]* + |x|?),

® on R: creation/annihilation operator x & 0x € \Ilé (principal symbol x =+ i€).
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Graded Lie groups

A graded Lie group is a simply connected Lie group G whose Lie algebra g
can be written as

g=0g  such that [g;, 5] C gy
j=1

® in particular, graded Lie groups are nilpotent,

® in the following identify X € g with the corresponding left-invariant
differential operator on G,

® define the order of X € g; to be j.

Example (Heisenberg group H with Lie algebra b)
Let by be generated by X, Y, by by Z =[X, Y].
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Dilations
® the grading induces a dilation action §: Rsg ~ g defined by
® integrates to : Ryg ~ G,

5x(X) = VX for X € g,
® X(fody)=N(Xf)od, for X € g; and f € C=(G).
A function f: G\ {0} — C is m-homogeneous if f 0y = A"'f for all A > 0.
~~ new notion of order for the polynomials on G.
Example (Heisenberg group)
® X.Y have order 1, Z has order 2,

® the coordinate functions x, y have order 1, z order 2.
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Shubin filtration

Choose a basis Xi,..., X, of g s.t.
> Xi,...,Xdimg, is a basis of g,

> Xdim gy+15 - + - » Xdim gy+dim g, 1S @ basis of go,
>

the weights q1,..., g, € N are defined by X; € gg,,

identify R” = G via (X15 -, xn) = exp (0 x:.Xi),
for a multi-index a € Ng, write [a] = a1q1 + ... + @np,

homogeneous degree of X% or x% is [a].

Shubin filtration of differential operators with polynomial coefficients on G

For m € Ny, let

Am = Z CapX*XP | Cap €C P C A C ...
[o]+[Bl<m
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Rockland condition

Let P be a left-invariant differential operator on a graded Lie group G.

Then P satisfies the Rockland condition if for every m € G \ {7y} the
operator dm(P) is injective on H>°.

Theorem (Helffer—Nourrigat, Christ—Geller—Gtowacki—Polin, Dave-Haller,. . .)

Let M be a filtered manifold and P € W{j(M). If all model operators
o(P)x satisfy the Rockland condition on the osculating groups G, then P
is hypoelliptic.

Shubin filtration: obtain an isomorphism

D An/Amr — U(g") ©U(8) = U(g" @ g)

m=0

induced by Z[a]+[ﬂ]§m Ca/anXB — Z[a]+[6]=m Caﬁ(_iax)axﬁ

~+ Rockland condition on R” x G
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Example: Heisenberg group

Representations of H
H consists of

® characters x. on H = C for
(a, b) € R%:

X+ ia, Y —ib, Z+— 0,
® Schroédinger representations 7y

on H = L*(R) for A € R*:

X = VIANOu, Y — £iv/|A|u,
Z — il
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~~ can check which operators of the form —X? — Y2 + aZ + p(x, y, 2)
for a € C and a polynomial potential p satisfy the Rockland condition.
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Shubin tangent groupoid and zoom action

Consider first G = R".

Hoérmander classes Shubin classes

® homogeneity of the symbols wrt
A (ny) = (X7 Ag)'

® tangent groupoid
TR" = (R" x R) x R" for
(x,t) - v=(x+tv,t),

® att=0: TR",

® for t # 0: isomorphic to the pair
groupoid R"” x R" via
(x,t,v) = (x,x + tv),

® zoom action of Rsg
A (x,t,v) = (x, 5, Av).

«O0>» A« F» «E» <

homogeneity of the symbols wrt
A (x,8) = (Ax, AE),

Shubin tangent groupoid

TsR” = (R" x R) x R” for
(x,t) - v=(x+ v, t),

at t =0: TR",

for t # 0: isomorphic to the pair
groupoid R” x R" via

(x,t,v) — (x,x + t2v),

Shubin zoom action of Rsg

A (x, t,v) = (A x, £,2v).




Shubin tangent groupoid and zoom action

Similary, we define for a graded Lie group G using the dilations ¢:

® a Shubin tangent groupoid TsG = (G x R) x G for
(x,t)-v=_(x-dp(v),t),

® a Shubin zoom action a(x, t, v) = (dy-1(x), 5, A (V).

More generally, we can consider two commuting dilations, one to define the

order of left-invariant differential operators, the other for the order of
polynomials.

R" with different weights ~~ anisotropic calculus (Boggiatto—Nicola)
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Shubin pseudo-differential calculus

Given this tangent groupoid and zoom action, one can follow the approach
of Debord—Skandalis and van Erp—Yuncken to define a corresponding
pseudodifferential calculus.

An operator P: S(G) — S(G) is a Shubin type operator of order m
(P € Vg (G)) if there is a P € K(TsG) such that Op(P;) = P and
ax(P) = AP € §(TsG) for all A > 0.

Here, I(TsG) denotes a certain space of fibred distributions.

Example (Differential operator with polynomial coefficients)

e Z Capx®XP € WT(G): it extends to the zoom-homogeneous P
[e]+[B]1<m
with P, = Z t’"*[o‘]*[ﬁ]caﬂanf.
[a]+[B]<m
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Properties of the calculus

Analogously to the results of van Erp—Yuncken for filtered manifolds one
can show

® there is a well-defined principal cosymbol:

om(P) = [Po] € Ko(TG)/S(TrG)
for any essentially homogeneous extension P,

® the principal symbol map induces short exact sequences,
call P Shubin H-elliptic if o,(P) is invertible,
VE(G)Vs(G) C vsT(6),
NmezVe(G) = K.

The C*-completion of the order zero extension can also be obtained by a
generalized fixed point algebra approach. In particular, operators of order 0
are bounded on [?(G) and of negative order are compact.
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Ellipticity and Rockland condition

Using the result of Christ-Geller-Gtowacki-Polin:
P € WZ(G) is Shubin H-elliptic if and only if (x,7)(om(P)) and

(x,7)(om(P?)) are injective on H° for all (x,m) € G x G \ {(0, mriv) }
(Rockland condition).

Example (Analogue of harmonic oscillator)

Fix a common multiple g of the weights g1,...,q, € N. Then
2 . 2 n_ 2
b lj 1j 2
P=Y (-DIX +3 %7 =R+ x| € W(G)
satisfies the Rockland condition.

One can define a Sobolev scale H® for the Shubin calculus following
Dave—Haller for filtered manifolds.

Theorem

Eske Ewer

Let P € VE(G) be elliptic. Then P: H* — H*~™ is Fredholm for s € R.
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How to compute the index?

For the Shubin calculus on R":

Theorem (Elliott—Natsume—Nest)

ind(Op(2)) =

Let Op(a) € VG (R") be elliptic of positive order. Then
1
where

- t d 2n
)l /T*Rn r(pa(dpa)™).
_( (1+a*a)t (1+a%a)ta*

Pa=\ a1 +a%a) a(l+a%a)la*

)-(

0
0

= O
N—




|dea of the proof for G = R"

at(xaf) = a(X7 tzf)'

® connect Op(a) to its symbol a through the tangent groupoid. Let
® denote for an elliptic operator T

1+ TT)Y A+ T
Pr=\rta+mn? Ta+TT)'T"

t#0

t=0,
® use a cyclic cocycle w such that ind(Op(a)) = (pPop(a),w) and

(00
0 1)’
t— pOp(at)
Pa
I!i_%<pop(at)7 w) exists.

® then the following defines a continuous section of C*(TsR")
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The cyclic 2n-cocycle for G = R"

Eske Ewert

for j =1,..., n define derivations of K> by d5;_1(T) = [0y, T] and
62i(T) = b3, T1,

—1)n
w(To,..., Ton) = ( n!) Z sgn(o) Tr(Tod, 1)(T1) (zn)(Tz,,))

0€ESy,
denote by p;(f) for t # 0 and f € S(TsR") their representations as
operators on L*(R")

pe(FYi(x) = (2m) "2 / Flx, £, L)) dy,

then 3. pe(F)] = pe(9F) and [ pe(F)] = pe(~ £ F).
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The cyclic 2n-cocycle for G = R"

For fo,..., fn € S(G x G)

Tr(pt(f0)d1(pe(f1)) - - - d2n(pe(f2n)))
= (_t2)n Tr(pe(fo *¢ O f1 *e vifa %t ... %¢ Vnhay))
= (—27r)"/ (fo ¢t Ox o %t vifa %¢ ... *¢ Vnfan)(X, 0) dx

(="

tﬁO(Zﬂ'i)”

/ Foaxﬁagfz . ..5gnf2: dx d¢
T*Rn

Consequently, the limit of w(p¢(f), ..., pt(fan)) as t — 0 gives the result.
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Constructing a cocycle for a graded Lie group G

As G is graded, G = (R x R) x...) x R, similarly also TsG and their
corresponding Schwartz convolution algebras.

Theorem (Elliott—Natsume—Nest)

If A is a Fréchet algebra with a smooth R-action, then there is an
(explicitly constructed) isomorphism #: HCX, (A) — HCS? (A x R).

per per
It is compatible with the Connes—Thom isomorphism in K-theory.

We use this to get a cyclic 2n-cocycle w; on S(G) x; G for all t such that

® the pairing with the graph projection at t = 1 gives the index,
® it recovers the considered cocycle for G = R".
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Theorem (E-Nest-Schmitt)

Let P € WZ(G) be of positive order and Shubin-H-elliptic. Then
lnd('D) = (WO#tr)(p]po, SERE) p]P’o)'
Example (Heisenberg group)
One computes for f; € S(G x G)
olfo, ..., T ngn(a/fo*D nf k...
o€ESe
+ extra terms
where D1 8X1, D2 =V, D3

* Dg(ﬁ) fﬁ(X, 0) dx

Osys Dy = v2, D5 =

6)(37 D6 - V3
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Heisenberg group

olfo, ... fs Zc,/ (fo % Dify - % DLfs)(x,0)d
where ¢; = (—1)*""sgn(o)d; with a, b, ¢ the positions of the elements in
the top row, o the sign of the permutation in the top row, and
h b f fa 5 fs d
OXQ axl aX?, . .
sign of permutation in bottom row
V3 Vi | Vo
Ox, Oxy | Ox, (_1)k+z+1/2_ k, ¢ indices of left, right
Vo vivi Vo element in bottom row
(%Q ax3 axl (_1)k+Z/2_
Vi Vo Vo Vi

Eske Ewert

:2),(3,4)

k., ! index of v; in bottom row
(k,0) # (1
2nd or 3rd element contained in column with 2 entries



Rewriting the cocycle using Fourier transform

Plancherel Theorem

For f € S(G) and the Plancherel measure on G

Eske Ewer

£(0) = /a Tr (?(71')) du(r).

® denote by A, f() = 7-\f(7r) (difference operators),

e the Plancherel measure on H is supported within the Schrédinger
representations 7 for A € R\ {0},

® using this, the cocycle can be rewritten, for example,
/ fo x Ox fo % ... x vafg(x,0) dx
G

(27r)_4/ sgn(A) Tr(g(;)(w,\)axlﬁ(?)(m\) .. Awg(;)(ﬂ,\)) dx dA.
HxR\{0}




Thank you!
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