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This talk is about the interaction between
@ The presence of a truth predicate in a model M,
@ And the purely model-theoretic properties of M.
This is a joint work with Mateusz tetyk.
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By UTB™ (“Uniform Tarski Biconditionals”) we mean a theory extending
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the following axiom scheme:

oty (T(ts, o ) = d(val(tr), ..., val(tn)),
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By UTB™ (“Uniform Tarski Biconditionals”) we mean a theory extending
PA with a fresh predicate T(x) (“x is a true arithmetical sentence”) and
the following axiom scheme:

oty (T(ts, o ) = d(val(tr), ..., val(tn)),

where ¢ is an arithmetical formula.
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By UTB™ (“Uniform Tarski Biconditionals”) we mean a theory extending
PA with a fresh predicate T(x) (“x is a true arithmetical sentence”) and

the following axiom scheme:

Viti...ts (Tqb(tl,...

where ¢ is an arithmetical formula. If we add the full induction scheme for

1) = d(val(tr), ..., val(t,)) ).

formulae containing T, the resulting theory is called UTB.
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syntactic depth < c.

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth
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syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

‘‘‘‘‘‘‘‘

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).

‘‘‘‘‘‘‘‘

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentpa (dpt(wﬁ) <co T-p= ﬁw).
o Vo, € Sentpa (dpt(¢ Vi) <c— T(9V) =TV w).

‘‘‘‘‘‘‘‘

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).
o Vo, € Sentpa (dpt(¢ Vi) <c— T(9V) =TV w).

e Vv € Varv¢ € Form5, (dpt(EIvd)) <c—T3vp = EIXT¢[5/V]).

wwwwwwwwww

October 26, 2021, Athens 4/22

Weisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).

© ¥6,1 € Sentpa (dpt(¢V¥) <c— T(pV ) = ToV Ty),

o Wv € Vards € Formgs (dpt(3ve) < ¢ — T3ve = IxTolx/v]).

o V/5,T € ClTermSeqpaVe € Formpa val(3) = val(f) — To(t) = T4(3).

wwwwwwwwww

October 26, 2021, Athens 4/22

Weisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).

© ¥6,1 € Sentpa (dpt(¢V¥) <c— T(pV ) = ToV Ty),

o Wv € Vards € Formgs (dpt(3ve) < ¢ — T3ve = IxTolx/v]).

o V/5,T € ClTermSeqpaVe € Formpa val(3) = val(f) — To(t) = T4(3).

wwwwwwwwww

October 26, 2021, Athens 4/22

Weisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).

© ¥6,1 € Sentpa (dpt(¢V¥) <c— T(pV ) = ToV Ty),

o Wv € Vards € Formgs (dpt(3ve) < ¢ — T3ve = IxTolx/v]).

o V/5,T € ClTermSeqpaVe € Formpa val(3) = val(f) — To(t) = T4(3).

We also call a theory with axioms above CT | ¢

wwwwwwwwww

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).
o Vo, 1 € Sentpa (dpt((b Vi) <c— T(9V) =TV Tw).
e Vv € Varv¢ € Form5, (dpt(EIvd)) <c—T3vp = EIXT¢[5/V]).

e V5, t € ClTermSeqpp V¢ € Formpa val(s) = val(t) — T¢(t) = T¢(5).
We also call a theory with axioms above CT [ ¢ (Compositional Truth).

wwwwwwwwww

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).
o Vo, 1 € Sentpa (dpt((b Vi) <c— T(9V) =TV Tw).

e Vv € Varv¢ € Form5, (dpt(EIvd)) <c—T3vp = EIXT¢[5/V]).

e V5,t € ClTermSeqpa V¢ € Formpa val(s) = val(t) — Té(t) = T¢(5)
We also call a theory with axioms above CT [ ¢ (Compositional Truth).
We can also consider the variant without induction, called CT™ | ¢,

wwwwwwwwww

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of

syntactic depth < c. l.e., the following holds
o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).
o Vo, 1 € Sentpa (dpt((b Vi) <c— T(9V) =TV Tw).
e Vv € Varv¢ € Form5, (dpt(EIvd)) <c—T3vp = EIXT¢[5/V]).

e V5,t € ClTermSeqpa V¢ € Formpa val(s) = val(t) — Té(t) = T¢(5)
We also call a theory with axioms above CT [ ¢ (Compositional Truth).
We can also consider the variant without induction, called CT™ | ¢,

restrict compositional axioms to a cut

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Notice that if (M,S) = UTB and M # N, then there exists T C M and
¢ € M such that S satisfies Tarski compositional conditions for formulae of
syntactic depth < c. l.e., the following holds

o Vs, t € ClTermpa T(s=t) = (val(s) = val(t)).

o V¢ € Sentp (dpt(—0) < c = T=¢=-To).
o Vo, 1 € Sentpa (dpt((b Vi) <c— T(9V) =TV Tw).

e Vv € Varv¢ € Form5, (dpt(EIvd)) <c—T3vp = EIXT¢[5/V]).

e V5, t € ClTermSeqppVe¢ € Formpa val(3) = val(t) — To(t) = T¢(3)
We also call a theory with axioms above CT [ ¢ (Compositional Truth).
We can also consider the variant without induction, called CT™ | ¢,
restrict compositional axioms to a cut or not restrict them at all.

wwwwwwwwww

October 26, 2021, Athens 4/22

Wecisto (UG) Characterising truth



Why does a truth predicate affect models?

Wecisto (UG) Characterising truth October 26, 2021, Athens 5/22



Why does a truth predicate affect models?

Proposition
Suppose that (M, T) = UTB and M is nonstandard.

@
=g

October 26, 2021, Athens 5/22

Wecisto (UG) Characterising truth



Why does a truth predicate affect models?

Proposition
Suppose that (M, T) = UTB and M is nonstandard.

@
=g

October 26, 2021, Athens 5/22

Wecisto (UG) Characterising truth



Why does a truth predicate affect models?

Proposition
Suppose that (M, T) = UTB and M is nonstandard. Then M is
recursively saturated.

@
=g

Wecisto (UG) Characterising truth October 26, 2021, Athens 5/22



Why does a truth predicate affect models?

Proposition

Suppose that (M, T) = UTB and M is nonstandard. Then M is
recursively saturated.

Fix a recursive type

Wecisto (UG) Characterising truth October 26, 2021, Athens 5/22



Why does a truth predicate affect models?

Proposition
Suppose that (M, T) = UTB and M is nonstandard. Then M is
recursively saturated.

Fix a recursive type

do(x), ¢1(x), .-
Since this is a type and (M, T) = UTB, for every n € w, we have:

(M, T) & 3IxVi < n Toi(x).
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Suppose that (M, T) = UTB and M is nonstandard. Then M is
recursively saturated.

Fix a recursive type

Po(x), #1(x), . .-
Since this is a type and (M, T) = UTB, for every n € w, we have:
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Why does a truth predicate affect models?

Proposition

Suppose that (M, T) = UTB and M is nonstandard. Then M is
recursively saturated.

Fix a recursive type

Po(x), #1(x), . .-
Since this is a type and (M, T) = UTB, for every n € w, we have:

(M, T) & 3IxVi < n Toi(x).
By overspill, there exists ¢ € M \ w such that
(M, T) = 3xVi < ¢ Toi(x).

By UTB, the witness realises our type. [
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Another example.

Proposition
If (M, T) C(N,S) are models of UTB™, then M < N J

Suppose that (M, T) = ¢(a1, ..., an) for some ¢ € Lpa.
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Another example.
Proposition

If (M, T) C(N,S) are models of UTB™, then M < N J
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Another example.
Proposition

If (M, T) C(N,S) are models of UTB™, then M < N J

Suppose that (M, T) |= ¢(a1, ..., an) for some ¢ € Lpa. Then, by UTB™,
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Another example.

Proposition
If (M, T) C(N,S) are models of UTB™, then M < N J

Suppose that (M, T) |= ¢(a1, ..., an) for some ¢ € Lpa. Then, by UTB™,
(M, T) = Toé(ay, - -, an).

Since, (M, T) is a submodel of (N, S), we also have:
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Another example.

Proposition
If (M, T) C(N,S) are models of UTB™, then M < N J

Suppose that (M, T) |= ¢(a1, ..., an) for some ¢ € Lpa. Then, by UTB™,
(M, T)|= Té(ar, - -, 2n)-
Since, (M, T) is a submodel of (N, S), we also have:
(N,S) = S¢(ar, .- - an)
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Another example.

Proposition
If (M, T) C(N,S) are models of UTB™, then M < N J

Suppose that (M, T) |= ¢(a1, ..., an) for some ¢ € Lpa. Then, by UTB™,
(M, T)|= Té(ar, - -, 2n)-

Since, (M, T) is a submodel of (N, S), we also have:
(N,S) = Sé(ay, .- -, an)

and by UTB™,
(N,S) E o(ar,...,an).

o
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to explain.
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U extending (some portion of) PA imposes some truth-related properties
on models. Does it define a truth predicate.
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There are also other similar properties which would take some more time
to explain.

The general question which we are trying to answer: suppose some theory
U extending (some portion of) PA imposes some truth-related properties
on models. Does it define a truth predicate.

The things that can be varied:

@ What is the underlying arithmetical theory?

In this talk, we focus on recursive saturation.
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There are also other similar properties which would take some more time
to explain.

The general question which we are trying to answer: suppose some theory
U extending (some portion of) PA imposes some truth-related properties
on models. Does it define a truth predicate.

The things that can be varied:

@ What is the underlying arithmetical theory?
@ What truth-like property we consider?

@ What truth-theoretic axioms we mean?

@ What kind of definability we mean?

In this talk, we focus on recursive saturation.

@
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Suppose that U is a theory in a countable language
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Theorem (Kossak)

Suppose that U is a theory in a countable language extending PA and
featuring the full induction scheme for the extended language.
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Theorem (Kossak)

Suppose that U is a theory in a countable language extending PA and

featuring the full induction scheme for the extended language. Suppose
that for any model M |= U, the arithmetical reduct of M is recursively

saturated.
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Theorem (Kossak)

Suppose that U is a theory in a countable language extending PA and
featuring the full induction scheme for the extended language. Suppose
that for any model M |= U, the arithmetical reduct of M is recursively
saturated. Then in every model M of U, we can define (with parametres)
a predicate T
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Theorem (Kossak)

Suppose that U is a theory in a countable language extending PA and
featuring the full induction scheme for the extended language. Suppose
that for any model M |= U, the arithmetical reduct of M is recursively
saturated. Then in every model M of U, we can define (with parametres)
a predicate T such that (M, T) = UTB.

The key fact:
Theorem (MacDowell-Specker)

Suppose that U is a theory in a countable language with the full induction
scheme.
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ANM B e

is definable in M.
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Let M = U.
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Theorem,
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Let M |= U. Since U satisfies assumptions of MacDowell-Specker
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Let M |= U. Since U satisfies assumptions of MacDowell-Specker
Theorem, there exists a conservative end-extension M < N.
Let 7(x,y) be the following type:

Vir, ooy tn < x P(t1, ..., ty) € y = p(val(tr),...,val(t)),
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Let 7(x,y) be the following type:
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where ¢ is an arithmetical formula. Pick any c € N\ M.
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Let M |= U. Since U satisfies assumptions of MacDowell-Specker
Theorem, there exists a conservative end-extension M < N.

Let 7(x,y) be the following type:
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realises the type 7(c,y). Let d be the element realising this type and let
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Let M |= U. Since U satisfies assumptions of MacDowell-Specker
Theorem, there exists a conservative end-extension M < N.
Let 7(x,y) be the following type:

Vir, ooy tn < x P(t1, ..., ty) € y = p(val(tr),...,val(t)),
where ¢ is an arithmetical formula. Pick any c € N\ M. Since N |= U, it

realises the type 7(c,y). Let d be the element realising this type and let
A={xeN | NExed}.

By conservativity, AN M is definable in M. We check that AN M satisfies

UTB.
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Theorem, there exists a conservative end-extension M < N.
Let 7(x,y) be the following type:

Vir, ooy tn < x P(t1, ..., ty) € y = p(val(tr),...,val(t)),
where ¢ is an arithmetical formula. Pick any c € N\ M. Since N |= U, it

realises the type 7(c,y). Let d be the element realising this type and let
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uTB. O

wwwwwwwwww

October 26, 2021, Athens 9/22

Weisto (UG) Characterising truth



What can be modified in Kossak’'s result?
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What can be modified in Kossak’'s result?
Proposition

There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively
saturated
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What can be modified in Kossak’'s result?
Proposition

There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively
saturated which has a model N

@
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What can be modified in Kossak’'s result?

Proposition

There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively
saturated which has a model N that cannot be expanded to a model of
UTB.

Wecisto (UG) Characterising truth October 26, 2021, Athens 10 /22



What can be modified in Kossak’'s result?
Proposition

There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively
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What can be modified in Kossak’'s result?

Proposition
There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively

saturated which has a model N that cannot be expanded to a model of
UTB.

Theorem (Kaufmann—Shelah)

There exists a recursively saturated model M of PA which is rather
classless,
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What can be modified in Kossak’'s result?

Proposition
There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively

saturated which has a model N that cannot be expanded to a model of
UTB.

Theorem (Kaufmann—Shelah)

There exists a recursively saturated model M of PA which is rather
classless, i.e., for any X C M
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What can be modified in Kossak’'s result?

Proposition
There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively

saturated which has a model N that cannot be expanded to a model of
UTB.

Theorem (Kaufmann—Shelah)

There exists a recursively saturated model M of PA which is rather
classless, i.e., for any X C M if X is piecewise coded,
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Proposition
There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively

saturated which has a model N that cannot be expanded to a model of
UTB.

Theorem (Kaufmann—Shelah)

There exists a recursively saturated model M of PA which is rather
classless, i.e., for any X C M if X is piecewise coded, then X is definable. )
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What can be modified in Kossak’'s result?
Proposition

There exists a theory in U in a countable language which extends PA and
such that for every M |= U, the arithmetical reduct of M is recursively
saturated which has a model N that cannot be expanded to a model of
UTB.

Theorem (Kaufmann—Shelah)

There exists a recursively saturated model M of PA which is rather
classless, i.e., for any X C M if X is piecewise coded, then X is definable. |

By “piecewise coded,” we mean that for every c, the set X N c is coded as
a finite set in the sense of PA.
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Let URS be a theory extending PA with the following axioms for any
., where ¢; arithmetic:

n € w and any recursive type p = ¢, ¢1,
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Let URS be a theory extending PA with the following axioms for any
where ¢; arithmetic:

n € w and any recursive type p = ¢, ¢1,

¥7(3x A\ 6i(x.7) = N 6i(cp(7.7)))-
i<n

i<n
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Let URS be a theory extending PA with the following axioms for any
where ¢; arithmetic:

n € w and any recursive type p = ¢, ¢1,

¥7(3x A\ 6i(x.7) = N 6i(cp(7.7)))-
i<n

i<n
We verify that a model M |= PA expands to URS iff it is recursively

saturated.
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Let URS be a theory extending PA with the following axioms for any
where ¢; arithmetic:

n € w and any recursive type p = ¢, ¢1,

¥7(3x A\ 6i(x.7) = N 6i(cp(7.7)))-
i<n

i<n

We verify that a model M |= PA expands to URS iff it is recursively
saturated. In particular, if M is a rather classless recursively saturated

model of PA,
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Let URS be a theory extending PA with the following axioms for any
where ¢; arithmetic:

n € w and any recursive type p = ¢, ¢1,

¥7(3x A\ 6i(x.7) = N 6i(cp(7.7)))-
i<n

i<n
We verify that a model M |= PA expands to URS iff it is recursively
saturated. In particular, if M is a rather classless recursively saturated

model of PA, then it expands to URS but not to UTB
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Proposition

There exists a theory U in a countable language
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Proposition
There exists a theory U in a countable language with full induction such

that for every model M of U,
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Proposition
There exists a theory U in a countable language with full induction such
that for every model M of U, the arithmetical reduct of M is recursively

saturated,
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Proposition
There exists a theory U in a countable language with full induction such
that for every model M of U, the arithmetical reduct of M is recursively

saturated, but U does not define a predicate provably satisfying UTB.
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Proposition

There exists a theory U in a countable language with full induction such
that for every model M of U, the arithmetical reduct of M is recursively
saturated, but U does not define a predicate provably satisfying UTB.

Indeed, let (¢;) be a primitive recursive enumeration of arithmetical
formulae and let U be a theory extending PA with fresh predicates

TOa Tl,---,Tw,
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There exists a theory U in a countable language with full induction such
that for every model M of U, the arithmetical reduct of M is recursively
saturated, but U does not define a predicate provably satisfying UTB.

Indeed, let (¢;) be a primitive recursive enumeration of arithmetical
formulae and let U be a theory extending PA with fresh predicates
To, T1,..., Ty, full induction for the extended language and the following

axioms for each i,j € w:
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Proposition

There exists a theory U in a countable language with full induction such
that for every model M of U, the arithmetical reduct of M is recursively
saturated, but U does not define a predicate provably satisfying UTB.

Indeed, let (¢;) be a primitive recursive enumeration of arithmetical
formulae and let U be a theory extending PA with fresh predicates
To, T1,..., Ty, full induction for the extended language and the following

axioms for each i,j € w:

ety (Tioi(t, o ta) = Gival(t), . val(ta))) —

Ve (Tudj(t, o 1) = gj(val(t), .. val(ty)) )
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In every model of U, there is a predicate satisfying UTB.
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.
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In every model of U, there is a predicate satisfying UTB. Since if no T;

satisfies UTB, then T, satisfies all instances of UTB™.
On the other hand, suppose that a predicate satisfying UTB is definable in

U.
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.

On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates

To, T1,..., Ty, T, for some N.
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.

On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates

To, T1,..., Tn, T, for some N. Consider the following model of U:
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.

On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates

To, T1,..., Tn, T, for some N. Consider the following model of U:

o T, =0, fori<N.
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.
On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates
To, T1,..., Tn, T, for some N. Consider the following model of U:

o T, =0, fori<N.

@ T; is the set of true arithmetical sentences for i > N.
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.
On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates
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@ T; is the set of true arithmetical sentences for i > N.

@ T, is a partial arithmetical truth predicate which works fine for
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.
On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates
To, T1,..., Tn, T, for some N. Consider the following model of U:

o T, =0, fori<N.

@ T; is the set of true arithmetical sentences for i > N.

@ T, is a partial arithmetical truth predicate which works fine for

b0, ..., ON.

In this model, To, T1,..., Ty, Ty are all definable, so ¢ defines an
arithmetical set,
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In every model of U, there is a predicate satisfying UTB. Since if no T;
satisfies UTB, then T, satisfies all instances of UTB™.
On the other hand, suppose that a predicate satisfying UTB is definable in
U. Then it is definable with a formula ¢ using only predicates
To, T1,..., Tn, T, for some N. Consider the following model of U:

o T, =0, fori<N.

@ T; is the set of true arithmetical sentences for i > N.

@ T, is a partial arithmetical truth predicate which works fine for

D0, - ON-
In this model, To, T1,..., Ty, Ty are all definable, so ¢ defines an
arithmetical set, so it cannot define a predicate satisfying UTB. [
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In particular, we see that th definability of UTB given by Kossak's result

cannot be fully uniform.
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In particular, we see that th definability of UTB given by Kossak's result
cannot be fully uniform.

Theorem
Suppose that U is a theory in a countable language extending PA.
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In particular, we see that th definability of UTB given by Kossak's result
cannot be fully uniform.

Theorem
Suppose that U is a theory in a countable language extending PA.
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In particular, we see that th definability of UTB given by Kossak's result
cannot be fully uniform.

Theorem
Suppose that U is a theory in a countable language extending PA. Assume
that for any M |= U, the arithmetical reduct of U is recursively saturated.
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In particular, we see that th definability of UTB given by Kossak's result
cannot be fully uniform.

Theorem

Suppose that U is a theory in a countable language extending PA. Assume
that for any M |= U, the arithmetical reduct of U is recursively saturated.
Then in every model M |= U, we can define (with parametres) a set T
such that (M, T) =UTB™.
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Uy = U.
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Up = U. Let A, be the set of ) € Ly such that there exists ¢ € Ly

for which:
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Up = U. Let A, be the set of ) € Ly such that there exists ¢ € Ly

for which:

Ua & ((a) = Fyé(a,y)) AVy(dla,y) = 7(a,y)).
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Up = U. Let A, be the set of ) € Ly such that there exists ¢ € Ly

for which:
Ua & ((a) = Fyé(a,y)) AVy(dla,y) = 7(a,y)).

Recall that 7(a, y) is the type: “y codes the part of elementary diagram
with terms up to a."
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Up = U. Let A, be the set of ) € Ly such that there exists ¢ € Ly

for which:
Ua & ((a) = Fyé(a,y)) AVy(dla,y) = 7(a,y)).

Recall that 7(a, y) is the type: “y codes the part of elementary diagram
with terms up to a." It makes sense to write a type in such a context.
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Let U be as in the assumptions. We inductively define a sequence of sets
of formulae A, and a sequence of theories U, in a language Ly with an

extra constant a.
Let Up = U. Let A, be the set of ) € Ly such that there exists ¢ € Ly

for which:
Ua & ((a) = Fyé(a,y)) AVy(dla,y) = 7(a,y)).

Recall that 7(a, y) is the type: “y codes the part of elementary diagram
with terms up to a." It makes sense to write a type in such a context. Let

Uns1 = Us U{=p | 1 € Agl}.
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Claim
If U, is consistent, then Ay € U,. J
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Claim
If U, is consistent, then Ay € U,. J

The claim is proved in a way analogous to Omitting Types Theorem using
the fact that U, entails recursive saturation.
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Claim
If U, is consistent, then Ay € U,. J

The claim is proved in a way analogous to Omitting Types Theorem using
the fact that U, entails recursive saturation. (Here we are using the
countability of the language).
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Claim
If U, is consistent, then Ay € U,. J

The claim is proved in a way analogous to Omitting Types Theorem using
the fact that U, entails recursive saturation. (Here we are using the
countability of the language).

Lemma
For each «, if U, is consistent, then Uy41 2 U,. J

@
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Using Lemma, we obtain that for some a, U,+1 is inconsistent.
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Using Lemma, we obtain that for some «, U,+1 is inconsistent
Since it is inconsistent, there exists a finite set of formulae

YP1,...,10n € Ay such that
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Using Lemma, we obtain that for some a, U,+1 is inconsistent.
Since it is inconsistent, there exists a finite set of formulae

YP1,...,10n € Ay such that
Ua + —nbl(a) + ...+ ﬁlbn(a)

is inconsistent.
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Using Lemma, we obtain that for some a, U,+1 is inconsistent.
Since it is inconsistent, there exists a finite set of formulae

YP1,...,10n € Ay such that
Ua + —nbl(a) + ...+ ﬁlbn(a)

is inconsistent. In particular,

Us F11(a) V... Vbp(a).
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Now, let M |= U be any model.
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Now, let M |= U be any model. Let M* = M be a countably saturated

elementary extension.
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists ¥ € A,
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for
which 1(a) holds for cofinally many a € M*.
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for

which 1(a) holds for cofinally many a € M*.
Such an « exists.
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for
which 1(a) holds for cofinally many a € M*.

Such an « exists. Suppose otherwise.

@
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for

which 1(a) holds for cofinally many a € M*.
Such an « exists. Suppose otherwise. Then by saturation, for each «,

there exists b, such that U, is satisfied for all a > b, (with a being the
interpretation of the fresh constant).
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for
which 1(a) holds for cofinally many a € M*.

Such an « exists. Suppose otherwise. Then by saturation, for each «,
there exists b, such that U, is satisfied for all a > b, (with a being the
interpretation of the fresh constant). In, for some «, there exists b € M*
and a finite collection 1, ..., %, of formulae
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Now, let M |= U be any model. Let M* = M be a countably saturated
elementary extension. Let « be the least such that there exists 1) € A, for
which 1(a) holds for cofinally many a € M*.

Such an « exists. Suppose otherwise. Then by saturation, for each «,
there exists b, such that U, is satisfied for all a > b, (with a being the
interpretation of the fresh constant). In, for some «, there exists b € M*
and a finite collection 1, ..., %, of formulae such that one of v;(a) holds
for each a > b,

Wecisto (UG) Characterising truth October 26, 2021, Athens 18 /22



Let v be this least ordinal and let 1) € A, be a formula which holds

cofinally.
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Let v be this least ordinal and let 1) € A, be a formula which holds
cofinally. Let ¢ be a formula witnessing that ¢ € A,.
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Let v be this least ordinal and let 1) € A, be a formula which holds
cofinally. Let ¢ be a formula witnessing that ¢ € A,. Notice that, by
minimality and countable saturation, there exists b such that all elements
a > b satisfy U,.
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Let v be this least ordinal and let 1) € A, be a formula which holds
cofinally. Let ¢ be a formula witnessing that ¢ € A,. Notice that, by
minimality and countable saturation, there exists b such that all elements

a > b satisfy U,. In particular, if a > b and M* |= ¢ (a),
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Let v be this least ordinal and let 1) € A, be a formula which holds
cofinally. Let ¢ be a formula witnessing that ¢ € A,. Notice that, by
minimality and countable saturation, there exists b such that all elements
a > b satisfy U,. In particular, if a > b and M* = 9(a), then there exists
b such that M* = ¢(a, b)
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Let v be this least ordinal and let 1) € A, be a formula which holds
cofinally. Let ¢ be a formula witnessing that ¢ € A,. Notice that, by
minimality and countable saturation, there exists b such that all elements
a > b satisfy U,. In particular, if a > b and M* = 9(a), then there exists
b such that M* = ¢(a, b) and

M* = 7(a, b).
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that ¢(a) and ¢(a, b) hold,
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can

verify that (M*, T*) = UTB™.
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can

verify that (M*, T*) = UTB™.
The definition of T* uses a parameter b, so it need not carry over to M.
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.

The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter

T*(b).

Wecisto (UG) Characterising truth October 26, 2021, Athens 20/22



Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.

The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter
T*(b).

Now, notice that T C M* defined as the set of those ¢(t) € Sentpa(M*)
such that for some d
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.

The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter
T*(b).

Now, notice that T C M* defined as the set of those ¢(t) € Sentpa(M*)
such that for some d

e dpt(¢p) < d
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.
The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter
T*(b).
Now, notice that T C M* defined as the set of those ¢(t) € Sentpa(M*)
such that for some d

o dpt(¢) < d

@ For large enough b, T; satisfies CT™ [ d.
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.

The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter
T*(b).

Now, notice that T C M* defined as the set of those ¢(t) € Sentpa(M*)
such that for some d

o dpt(¢) < d
@ For large enough b, T; satisfies CT™ [ d.

Notice that this definition does not use parametres,
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Let T* be defined as the set of all ¢(t) € Sentpa(M*) such that for an
arbitrarily large a such that v (a) and ¢(a, b) hold, ¢(t) € b. One can
verify that (M*, T*) = UTB™.

The definition of T* uses a parameter b, so it need not carry over to M.
Let us denote the formula defining it, with b made explicitly a parameter
T*(b).

Now, notice that T C M* defined as the set of those ¢(t) € Sentpa(M*)
such that for some d

o dpt(¢) < d
@ For large enough b, T; satisfies CT™ [ d.

Notice that this definition does not use parametres, so it carries over to
M. O
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A few remarks:
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A few remarks:
o If U is a complete theory in a countable language which entails

recursive saturation, then it defines a predicate satisfying UTB™

provably in U.
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A few remarks:

o If U is a complete theory in a countable language which entails
recursive saturation, then it defines a predicate satisfying UTB™
provably in U.

@ In the theorem, the predicate satisfying UTB™ is defined in every
model without parametres.
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A few remarks:

o If U is a complete theory in a countable language which entails
recursive saturation, then it defines a predicate satisfying UTB™
provably in U.

@ In the theorem, the predicate satisfying UTB™ is defined in every
model without parametres.

@ If, on the other hand, U is not complete, then the dependence on the
theory of the model is not uniform.
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A few remarks:

o If U is a complete theory in a countable language which entails
recursive saturation, then it defines a predicate satisfying UTB™
provably in U.

@ In the theorem, the predicate satisfying UTB™ is defined in every
model without parametres.

@ If, on the other hand, U is not complete, then the dependence on the
theory of the model is not uniform.

@ The formulae defining the UTB™ predicate in general do not have
some bounded complexity.
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A few remarks:

o If U is a complete theory in a countable language which entails
recursive saturation, then it defines a predicate satisfying UTB™
provably in U.

@ In the theorem, the predicate satisfying UTB™ is defined in every
model without parametres.

@ If, on the other hand, U is not complete, then the dependence on the
theory of the model is not uniform.

@ The formulae defining the UTB™ predicate in general do not have
some bounded complexity.

@ A predicate provably satisfying UTB™ need not be definable in U,
even if we assume that the language is finite.
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Thank you for your attention!
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