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Riemann Tensor

1( Pgim 08 g ?gpi
Ridm = = ' L = Skm _ _ Sp [ A A
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Riemann contains any curvature information that exists. If Riemann is
zero everywhere, space is completely flat.
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Ricci Tensor

From the curvature tensor, we can construct a second-rank tensor
Ri = &"™Rjimk = Rl (Ricci tensor)
The trace of the Riemann tensor is the Ricci scalar (or scalar curvature)

R = Ri = g" Ry
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Vacuum Geometry

From Einstein's equation:
1
R — ERgW =81GT,,

If T, =0 (energy-momentum tensor), then:

1
Ry — §RgW =0

1
g"" R —5 g" Rgu =0=
—— ———
R is 4R in 4 dimensions

R—%4R:O:R—2R:O
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Vacuum Geometry

If Ry + O:

1 1 1 1
Cikim = Rikim — = Rilgkm + = Rim&k + = Rkigim — = Rkm&ir+

curvature

1
+ gR(gi/gkm — gim8&ki) (Weyl tensor)

A more convenient formula is
1
Cikem = Rikem — Re(i8kjm + Rm[i8kje + gRgé[igk]m

P o HELLENIC REPUBLIC
/7 National and Kapodistrian
% University of Athens

Doulgerakis Nikolaos Petrov Classification 5/17



Vacuum Geomet

If Ry = 0, then since the Ricci tensor is associated with the
vacuum.
So, substituting into the initial equation, we get

Cikim = Rikim
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Vacuum Geometry

Asb = Ra o w0 Cab = —€ay5hAu Ry
Lab, 9 NG 4 €6 CbAu AL
Analogy with time Spatial part
electric tensor since time is not
(symmetric) involved anywhere
Bab = lea 15R0b 6
\ , 2-ay Y

magnetic part of the
curvature tensor
(Swirling of spacetime
around a blackhole)
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Vacuum Geometry

After some algebra, we arrive at:

1 . .
*(Aag + 2IBag — ngﬁ) = Aaﬂ + IBaﬂ

Daﬁz2
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Petrov Classification

Petrov classified the Weyl tensor through the eigenvalue problem
for the matrix D, which enables one to divide the gravitational
problem in an invariant way into distinct types (Petrov Types)
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Petrov Type |

There exist three independent eigenvectors. In this case, their
squares n,n“ are non-zero, and with the corresponding rotation
the tensor D,g, and along with it A,3, B,3, are reduced to a
diagonal form:

A0 0
A= 0 A& 0 ,
0 0 O )&
DY A 0
Bis=| 0 £ 0
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Petrov Type |

In this case, the curvature tensor has 4 independent invariant
quantities

A,

det(D—A) =0= (A= A1)(A = A)(A — A3) =0

= A= (A1 + X2+ A3) A2 (A d2 + Aoz + A3 ) A= (A Aad3) =0
R g

G G G
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However, since Tr(D) = A1 + A2 + A3 = 0 we have:

r(D? 1
23— (2 ))\—3tr(D3) 0
N —
I I
/1 — i R'k/ Riklm —j R'kl I’éik/m
48 1 rrlr IKIMm ,

Kretschmann Chern-Pontryagin
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Petrov Type |

K = Ryuupo ™7

= pure number = expresses how strong the tidal forces are.
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Petrov Type Il

We have two independent eigenvectors because the square of one
is zero.

therefore n +n3 + n3 =0= np = +inm
~—
0
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Petrov Type Il

So , we obtain

Now 0
Aab = 12 N 0
0 0 —2X
N— 0 0
Bo=| 0 NMiu o0
0 0 =2\
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Petrov Type Il

Finally,
A—ip I 0
D= I Ad+ip 0
0 0 =2\

Solving the system (D — Al)u = 0 we prove that for u = null
vector we have Gravitational Wave
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Questions?

Thank You!
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