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Black hole magnetospheres

Physical quantities

Ω: angular velocity of the Zero 
Angular Momentum Observer 
(ZAMO) – known

ω: “angular velocity” of the 
magnetic field

Ψ: Stream function

I : Current

M

Ω
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Black hole magnetospheres

Some history…

• Contopoulos, Kazanas & Fendt (1999): Pulsar equation solution

• Uzdensky (2005): Closed field lines solution

• Contopoulos, Papadopoulos & Kazanas (2013): Monopole solution

• Nathanail & Contopoulos (2014): Paraboloidal + vertical field

• Dimitropoulos et al. (2023): Pulsar with PINNs

• Today
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“The beast” – GRFFE Grad-Shafranov eq.
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Boundary conditions

1. (Split) monopole: ቚ
𝜕Ψ

𝜕𝑟 𝑟→∞
= 0, Ψ 𝜃 = 0 = 0, Ψ 𝜃 =

𝜋

2
= Ψ0

2. Paraboloidal: 1 − cos 𝜃𝑤𝑎𝑙𝑙 =
𝑟+𝑟0

𝑟𝐻+𝑟0

−𝜈
⇒ Ψ 0 = 0,Ψ 𝜃𝑤𝑎𝑙𝑙 = Ψ0
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PINNs
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PINN= Neural Network where physics is not a “black box”

PDEs, constraints, BCs: directly in the loss function

Neural Networks

Data-driven
Physics-Informed

More…
Grazie

Francesco!



Black hole magnetospheres with PINNs
The Architecture

(where u = (r – rH)/rH, μ = cosθ )
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u, μ Ψ ω, Ι Ψ

𝜔𝑖𝑛𝑖𝑡, 𝐼𝑖𝑛𝑖𝑡



Result 1: MONOPOLE
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a = 0.9 M



Result 1: MONOPOLE
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NC14: blue short dashed line Us



Result 1: MONOPOLE
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a = 0.2 M
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Result 2: PARABOLOIDAL
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Conclusions & prospects

We did:

• Create a GRFFE Grad-Shafranov PINN solver

• Extend Nathanail & Contopoulos (2014) results for various 𝑎

We now aim to:

• Solve the vertical magnetic field case

• Test Kolmogorov-Arnold Networks (KANs)
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Thank you!

Questions?



Backup slide 1: hyperparameters
Learning rate: 10-5

Epochs: ∼ ቐ

500,Ψ pre−training
500,𝜔 − 𝐼 pre−training
2500, main training

(for a decent result)

Learning rate annealing freq.: 103
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Layers × neurons:

4 × 64 for Ψ(u,μ),
2 × 8 for I(Ψ), ω(Ψ)



Backup slide 2: Conformal coordinates
𝑩must be radial at the event 
horizon (Chantry et al. 2018)

Indeed, in conformal coordinates

𝑅 𝑟 =
1

2
෤𝑟 − 1 + ෤𝑟2 − 2෤𝑟 + ෤𝑎2

(Chantry et al. 2020), where

ǁ𝜒 =
𝜒

𝑟𝑔
, 𝑟𝑔 =

𝐺𝑀

𝑐2

We obtain:
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Backup slide 3: Pre-training results
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Monopole Paraboloidal

ω & I identical
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   {    𝜕 2 Ψ  𝜕  r 2 +  1 Δ    𝜕 2 Ψ  𝜕  𝜃 2 +   𝜕 Ψ  𝜕 r  (  1 A   𝜕 A  𝜕 r −  1 Σ   𝜕 Σ  𝜕 r ) −    cot ⁡ 𝜃 Δ   𝜕 Ψ  𝜕 𝜃 }


  ⋅  [ 1 −   2 M r Σ +   4 M a 𝜔 r    sin 2 ⁡ 𝜃 Σ −    𝜔 2 A    sin 2 ⁡ 𝜃 Σ ] +  (   2 M r Σ −   4 M a 𝜔 r    sin 2 ⁡ 𝜃 Σ )


  ⋅  (  1 A   𝜕 A  𝜕 r −  1 r )   𝜕 Ψ  𝜕 r +  (  1 Σ   𝜕 Σ  𝜕 r −  1 A   𝜕 A  𝜕 r )   𝜕 Ψ  𝜕 r


  −  ( 2  cot ⁡  𝜃 +  1 A   𝜕 A  𝜕 𝜃 −  1 Σ   𝜕 Σ  𝜕 𝜃 ) 𝜔 A  ( 𝜔 − 2 Ω )      sin 2 ⁡ 𝜃  Δ Σ   𝜕 Ψ  𝜕 𝜃 − 2 𝜔 Ω  𝜛 2  1  A Δ   𝜕 Ψ  𝜕 𝜃   𝜕 A  𝜕 𝜃


  − 2 M r   𝜕 Σ  𝜕 𝜃  1  Δ  Σ 2   𝜕 Ψ  𝜕 𝜃 −    𝜔 ′ A    sin 2 ⁡ 𝜃 Σ  ( 𝜔 − Ω )  [    (   𝜕 Ψ  𝜕 r ) 2 +  1 Δ    (   𝜕 Ψ  𝜕 𝜃 ) 2 ] = −   4 Σ Δ I I ′


       𝜕 Ψ  𝜕 r |  r → ∞ = 0 ,     Ψ  ( 𝜃 = 0 ) = 0 ,       Ψ  ( 𝜃 =  𝜋 2 ) =  Ψ 0


  1 −  cos ⁡   𝜃  w a l l =    (   r +  r 0   r H +  r 0 )  − 𝜈 ⇒ Ψ  ( 0 ) = 0 , Ψ  (  𝜃  w a l l ) =  Ψ 0


   𝜔  i n i t ,    I  i n i t


  a


  ∼  {    500 ,   Ψ pre−training   500 ,   𝜔 − I   pre−training   2500 ,  main training


  ×


  4 × 64


  2 × 8


  𝑩


  R  ( r ) =  1 2  (  r ~   − 1 +     r ~ 2 − 2  r ~ +    a ~ 2 )


   𝜒 ~ =  𝜒   r g ,      r g =   G M   c 2

